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Inviscid Pressure free

Fluid Simulation using Laplacian EigenfunctionsEigenfluids
[DeWitt et al. 2012]
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memory: 52 GB
time: 17.2 secs/frame

200 eigenfunctions [DeWitt et al. 2012]
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Ours           memory: 26 GB time: 13 secs/frame
[DeWitt et al. 2012] memory: 6.1 TB    time: 1.84 hrs/frame
24K eigenfunctions:

200 eigenfunctions 24K eigenfunctions
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Fluid Simulation

[Foster and Metaxas 1997] [Stam 1999]
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[Mullen et al. 2009]

[Chern et al. 2016]

[Long and Reinhard 2009]

[Henderson 2012] 

Spectral Solvers Inviscid Methods
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Laplacian Eigenfluids

[De Witt et al. 2012] [Liu et al. 2015]
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u =
rX

i=1

wi i = w1 1 + w2 2 + w3 3 + ... + wr r
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u̇ = �u ·ru+ ⌫r2u�rp+ f
<latexit sha1_base64="MYEnAQ5+eh0v0GpN8spH672apDk=">AAACUnicbVLPS8MwGE3rrzmnVj16CQ5BkI12CHoRhl48TnA/YK0jzdItLE1Lkgqj9G8UxIt/iBcParpVnJsfBF7eex/58hI/ZlQq234zzLX1jc2t0nZ5p7K7t28dHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek609uc737RISkEX9Q05h4IRpxGlCMlKYGFnWHkUrdEKmxH6RJlsFrWIO/e+hibYAuRz5Di/y55pKCf2wsKr Ufd5ybCj7IBlbVrtuzgqvAKUAVFNUaWC96NpyEhCvMkJR9x46VlyKhKGYkK7uJJDHCEzQifQ05Con00lkkGTzVzBAGkdCLKzhjFztSFEo5DX3tzCeUy1pO/qf1ExVceSnlcaIIx/ODgoRBFcE8XzikgmDFphogLKieFeIxEggr/QplHYKzfOVV0GnUHbvu3F9UmzdFHCVwDE7AGXDAJWiCO9ACbYDBM3gHn+DLeDU+TP1L5lbTKHqOwJ8yK9++uLOb</latexit><latexit sha1_base64="MYEnAQ5+eh0v0GpN8spH672apDk=">AAACUnicbVLPS8MwGE3rrzmnVj16CQ5BkI12CHoRhl48TnA/YK0jzdItLE1Lkgqj9G8UxIt/iBcParpVnJsfBF7eex/58hI/ZlQq234zzLX1jc2t0nZ5p7K7t28dHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek609uc737RISkEX9Q05h4IRpxGlCMlKYGFnWHkUrdEKmxH6RJlsFrWIO/e+hibYAuRz5Di/y55pKCf2wsKr Ufd5ybCj7IBlbVrtuzgqvAKUAVFNUaWC96NpyEhCvMkJR9x46VlyKhKGYkK7uJJDHCEzQifQ05Con00lkkGTzVzBAGkdCLKzhjFztSFEo5DX3tzCeUy1pO/qf1ExVceSnlcaIIx/ODgoRBFcE8XzikgmDFphogLKieFeIxEggr/QplHYKzfOVV0GnUHbvu3F9UmzdFHCVwDE7AGXDAJWiCO9ACbYDBM3gHn+DLeDU+TP1L5lbTKHqOwJ8yK9++uLOb</latexit><latexit sha1_base64="MYEnAQ5+eh0v0GpN8spH672apDk=">AAACUnicbVLPS8MwGE3rrzmnVj16CQ5BkI12CHoRhl48TnA/YK0jzdItLE1Lkgqj9G8UxIt/iBcParpVnJsfBF7eex/58hI/ZlQq234zzLX1jc2t0nZ5p7K7t28dHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek609uc737RISkEX9Q05h4IRpxGlCMlKYGFnWHkUrdEKmxH6RJlsFrWIO/e+hibYAuRz5Di/y55pKCf2wsKr Ufd5ybCj7IBlbVrtuzgqvAKUAVFNUaWC96NpyEhCvMkJR9x46VlyKhKGYkK7uJJDHCEzQifQ05Con00lkkGTzVzBAGkdCLKzhjFztSFEo5DX3tzCeUy1pO/qf1ExVceSnlcaIIx/ODgoRBFcE8XzikgmDFphogLKieFeIxEggr/QplHYKzfOVV0GnUHbvu3F9UmzdFHCVwDE7AGXDAJWiCO9ACbYDBM3gHn+DLeDU+TP1L5lbTKHqOwJ8yK9++uLOb</latexit><latexit sha1_base64="MYEnAQ5+eh0v0GpN8spH672apDk=">AAACUnicbVLPS8MwGE3rrzmnVj16CQ5BkI12CHoRhl48TnA/YK0jzdItLE1Lkgqj9G8UxIt/iBcParpVnJsfBF7eex/58hI/ZlQq234zzLX1jc2t0nZ5p7K7t28dHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek609uc737RISkEX9Q05h4IRpxGlCMlKYGFnWHkUrdEKmxH6RJlsFrWIO/e+hibYAuRz5Di/y55pKCf2wsKr Ufd5ybCj7IBlbVrtuzgqvAKUAVFNUaWC96NpyEhCvMkJR9x46VlyKhKGYkK7uJJDHCEzQifQ05Con00lkkGTzVzBAGkdCLKzhjFztSFEo5DX3tzCeUy1pO/qf1ExVceSnlcaIIx/ODgoRBFcE8XzikgmDFphogLKieFeIxEggr/QplHYKzfOVV0GnUHbvu3F9UmzdFHCVwDE7AGXDAJWiCO9ACbYDBM3gHn+DLeDU+TP1L5lbTKHqOwJ8yK9++uLOb</latexit>

r · u = 0
<latexit sha1_base64="up5c1GndkgzPatSYG32mZAzzTX0=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXisYD+gCWWz2bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctDlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3bB4cdnWSKsjZNRKJ6AdFMcMnawEGwXqoYiQPBusH4pvC7D0xpnsh7mKTMj8lQ8ohTAkYa2DVPkkAQ7NEwAezFBEZBlGdTfIWdgV13Gs4MeJm4JamjEq 2B/eWFCc1iJoEKonXfdVLwc6KAU8GmVS/TLCV0TIasb6gkMdN+Pntiik+MEuIoUaYk4Jn6eyInsdaTODCdxZV60SvE/7x+BtGln3OZZsAknS+KMoEhwUUiOOSKURATQwhV3NyK6YgoQsHkVjUhuIsvL5POWcN1Gu7deb15XcZRQTV0jE6Riy5QE92iFmojih7RM3pFb9aT9WK9Wx/z1hWrnDlCf2B9/gBgKpdB</latexit><latexit sha1_base64="up5c1GndkgzPatSYG32mZAzzTX0=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXisYD+gCWWz2bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctDlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3bB4cdnWSKsjZNRKJ6AdFMcMnawEGwXqoYiQPBusH4pvC7D0xpnsh7mKTMj8lQ8ohTAkYa2DVPkkAQ7NEwAezFBEZBlGdTfIWdgV13Gs4MeJm4JamjEq 2B/eWFCc1iJoEKonXfdVLwc6KAU8GmVS/TLCV0TIasb6gkMdN+Pntiik+MEuIoUaYk4Jn6eyInsdaTODCdxZV60SvE/7x+BtGln3OZZsAknS+KMoEhwUUiOOSKURATQwhV3NyK6YgoQsHkVjUhuIsvL5POWcN1Gu7deb15XcZRQTV0jE6Riy5QE92iFmojih7RM3pFb9aT9WK9Wx/z1hWrnDlCf2B9/gBgKpdB</latexit><latexit sha1_base64="up5c1GndkgzPatSYG32mZAzzTX0=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXisYD+gCWWz2bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctDlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3bB4cdnWSKsjZNRKJ6AdFMcMnawEGwXqoYiQPBusH4pvC7D0xpnsh7mKTMj8lQ8ohTAkYa2DVPkkAQ7NEwAezFBEZBlGdTfIWdgV13Gs4MeJm4JamjEq 2B/eWFCc1iJoEKonXfdVLwc6KAU8GmVS/TLCV0TIasb6gkMdN+Pntiik+MEuIoUaYk4Jn6eyInsdaTODCdxZV60SvE/7x+BtGln3OZZsAknS+KMoEhwUUiOOSKURATQwhV3NyK6YgoQsHkVjUhuIsvL5POWcN1Gu7deb15XcZRQTV0jE6Riy5QE92iFmojih7RM3pFb9aT9WK9Wx/z1hWrnDlCf2B9/gBgKpdB</latexit><latexit sha1_base64="up5c1GndkgzPatSYG32mZAzzTX0=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXisYD+gCWWz2bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctDlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3bB4cdnWSKsjZNRKJ6AdFMcMnawEGwXqoYiQPBusH4pvC7D0xpnsh7mKTMj8lQ8ohTAkYa2DVPkkAQ7NEwAezFBEZBlGdTfIWdgV13Gs4MeJm4JamjEq 2B/eWFCc1iJoEKonXfdVLwc6KAU8GmVS/TLCV0TIasb6gkMdN+Pntiik+MEuIoUaYk4Jn6eyInsdaTODCdxZV60SvE/7x+BtGln3OZZsAknS+KMoEhwUUiOOSKURATQwhV3NyK6YgoQsHkVjUhuIsvL5POWcN1Gu7deb15XcZRQTV0jE6Riy5QE92iFmojih7RM3pFb9aT9WK9Wx/z1hWrnDlCf2B9/gBgKpdB</latexit>

Laplacian Eigenfluids

r · i = 0
<latexit sha1_base64="6pgddrVqIO5iJgNvM2IhOwKjah4=">AAACDXicbVDLSgMxFM34rPVVdekmWAVXZUYE3QhFNy4r2Ad0hiGTSdvQTDIkd4Qy9Afc+CtuXCji1r07/8ZM24W2Hgg5nHMv994TpYIbcN1vZ2l5ZXVtvbRR3tza3tmt7O23jMo0ZU2qhNKdiBgmuGRN4CBYJ9WMJJFg7Wh4U/jtB6YNV/IeRikLEtKXvMcpASuFlWNfkkgQ7NNYAfYjJWIzSuyX+w3DxyHHV9gNK1W35k6AF4k3I1U0QyOsfPmxolnCJFBBjOl6bgpBTjRwKti47GeGpYQOSZ91LZUkYSbIJ9eM8YlVYtxT2j4JeKL+7shJYoodbWVCYGDmvUL8z+tm0LsMci7TDJik00G9TGBQuIgGx1wzCmJkCaGa210xHRBNKNgAyzYEb/7kRdI6q3luzbs7r9avZ3GU0CE6QqfIQxeojm5RAzURRY/oGb2iN+fJeXHenY9p6ZIz6zlAf+B8/gCasps7</latexit><latexit sha1_base64="6pgddrVqIO5iJgNvM2IhOwKjah4=">AAACDXicbVDLSgMxFM34rPVVdekmWAVXZUYE3QhFNy4r2Ad0hiGTSdvQTDIkd4Qy9Afc+CtuXCji1r07/8ZM24W2Hgg5nHMv994TpYIbcN1vZ2l5ZXVtvbRR3tza3tmt7O23jMo0ZU2qhNKdiBgmuGRN4CBYJ9WMJJFg7Wh4U/jtB6YNV/IeRikLEtKXvMcpASuFlWNfkkgQ7NNYAfYjJWIzSuyX+w3DxyHHV9gNK1W35k6AF4k3I1U0QyOsfPmxolnCJFBBjOl6bgpBTjRwKti47GeGpYQOSZ91LZUkYSbIJ9eM8YlVYtxT2j4JeKL+7shJYoodbWVCYGDmvUL8z+tm0LsMci7TDJik00G9TGBQuIgGx1wzCmJkCaGa210xHRBNKNgAyzYEb/7kRdI6q3luzbs7r9avZ3GU0CE6QqfIQxeojm5RAzURRY/oGb2iN+fJeXHenY9p6ZIz6zlAf+B8/gCasps7</latexit><latexit sha1_base64="6pgddrVqIO5iJgNvM2IhOwKjah4=">AAACDXicbVDLSgMxFM34rPVVdekmWAVXZUYE3QhFNy4r2Ad0hiGTSdvQTDIkd4Qy9Afc+CtuXCji1r07/8ZM24W2Hgg5nHMv994TpYIbcN1vZ2l5ZXVtvbRR3tza3tmt7O23jMo0ZU2qhNKdiBgmuGRN4CBYJ9WMJJFg7Wh4U/jtB6YNV/IeRikLEtKXvMcpASuFlWNfkkgQ7NNYAfYjJWIzSuyX+w3DxyHHV9gNK1W35k6AF4k3I1U0QyOsfPmxolnCJFBBjOl6bgpBTjRwKti47GeGpYQOSZ91LZUkYSbIJ9eM8YlVYtxT2j4JeKL+7shJYoodbWVCYGDmvUL8z+tm0LsMci7TDJik00G9TGBQuIgGx1wzCmJkCaGa210xHRBNKNgAyzYEb/7kRdI6q3luzbs7r9avZ3GU0CE6QqfIQxeojm5RAzURRY/oGb2iN+fJeXHenY9p6ZIz6zlAf+B8/gCasps7</latexit><latexit sha1_base64="6pgddrVqIO5iJgNvM2IhOwKjah4=">AAACDXicbVDLSgMxFM34rPVVdekmWAVXZUYE3QhFNy4r2Ad0hiGTSdvQTDIkd4Qy9Afc+CtuXCji1r07/8ZM24W2Hgg5nHMv994TpYIbcN1vZ2l5ZXVtvbRR3tza3tmt7O23jMo0ZU2qhNKdiBgmuGRN4CBYJ9WMJJFg7Wh4U/jtB6YNV/IeRikLEtKXvMcpASuFlWNfkkgQ7NNYAfYjJWIzSuyX+w3DxyHHV9gNK1W35k6AF4k3I1U0QyOsfPmxolnCJFBBjOl6bgpBTjRwKti47GeGpYQOSZ91LZUkYSbIJ9eM8YlVYtxT2j4JeKL+7shJYoodbWVCYGDmvUL8z+tm0LsMci7TDJik00G9TGBQuIgGx1wzCmJkCaGa210xHRBNKNgAyzYEb/7kRdI6q3luzbs7r9avZ3GU0CE6QqfIQxeojm5RAzURRY/oGb2iN+fJeXHenY9p6ZIz6zlAf+B8/gCasps7</latexit>

 1
<latexit sha1_base64="t53unsNOhFxHH53P1wJpdx+LvTI=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7ivnOzG+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPHxu/lQw=</latexit><latexit sha1_base64="t53unsNOhFxHH53P1wJpdx+LvTI=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7ivnOzG+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPHxu/lQw=</latexit><latexit sha1_base64="t53unsNOhFxHH53P1wJpdx+LvTI=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7ivnOzG+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPHxu/lQw=</latexit><latexit sha1_base64="t53unsNOhFxHH53P1wJpdx+LvTI=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7ivnOzG+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPHxu/lQw=</latexit>

 2
<latexit sha1_base64="REsqZWVZgUpaHcmRgmwoe3mI+8c=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabRD0OPQi8cJ7gPWUtI03cLSpCSpUMr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vTBlV2nG+rdrG5tb2Tn23sbd/cHhkH58MlMgkJn0smJCjECnCKCd9TTUjo1QSlISMDMPZbekPH4lUVPAHnafET9CE05hipI0U2E0vFCxSeWKuwuspGnTmgd1y2s4CcJ24FWmBCr3A/vIigbOEcI0ZUmrsOqn2CyQ1xYzMG16mSIrwDE3I2FCOEqL8YhF+Ds+NEsFYSHO4hgv190aBElXmM5MJ0lO16pXif9440/G1X1CeZppwvHwozhjUApZNwIhKgjXLDUFYUpMV4imSCGvTV8OU4K5+eZ0MOm3Xabv3l63uTVVHHZyCM3ABXHAFuuAO9EAfYJCDZ/AK3qwn68V6tz6WozWr2mmCP7A+fwAdRJUN</latexit><latexit sha1_base64="REsqZWVZgUpaHcmRgmwoe3mI+8c=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabRD0OPQi8cJ7gPWUtI03cLSpCSpUMr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vTBlV2nG+rdrG5tb2Tn23sbd/cHhkH58MlMgkJn0smJCjECnCKCd9TTUjo1QSlISMDMPZbekPH4lUVPAHnafET9CE05hipI0U2E0vFCxSeWKuwuspGnTmgd1y2s4CcJ24FWmBCr3A/vIigbOEcI0ZUmrsOqn2CyQ1xYzMG16mSIrwDE3I2FCOEqL8YhF+Ds+NEsFYSHO4hgv190aBElXmM5MJ0lO16pXif9440/G1X1CeZppwvHwozhjUApZNwIhKgjXLDUFYUpMV4imSCGvTV8OU4K5+eZ0MOm3Xabv3l63uTVVHHZyCM3ABXHAFuuAO9EAfYJCDZ/AK3qwn68V6tz6WozWr2mmCP7A+fwAdRJUN</latexit><latexit sha1_base64="REsqZWVZgUpaHcmRgmwoe3mI+8c=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabRD0OPQi8cJ7gPWUtI03cLSpCSpUMr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vTBlV2nG+rdrG5tb2Tn23sbd/cHhkH58MlMgkJn0smJCjECnCKCd9TTUjo1QSlISMDMPZbekPH4lUVPAHnafET9CE05hipI0U2E0vFCxSeWKuwuspGnTmgd1y2s4CcJ24FWmBCr3A/vIigbOEcI0ZUmrsOqn2CyQ1xYzMG16mSIrwDE3I2FCOEqL8YhF+Ds+NEsFYSHO4hgv190aBElXmM5MJ0lO16pXif9440/G1X1CeZppwvHwozhjUApZNwIhKgjXLDUFYUpMV4imSCGvTV8OU4K5+eZ0MOm3Xabv3l63uTVVHHZyCM3ABXHAFuuAO9EAfYJCDZ/AK3qwn68V6tz6WozWr2mmCP7A+fwAdRJUN</latexit><latexit sha1_base64="REsqZWVZgUpaHcmRgmwoe3mI+8c=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabRD0OPQi8cJ7gPWUtI03cLSpCSpUMr8V7x4UMSrf4g3/xvTrQfdfBDyeO/3Iy8vTBlV2nG+rdrG5tb2Tn23sbd/cHhkH58MlMgkJn0smJCjECnCKCd9TTUjo1QSlISMDMPZbekPH4lUVPAHnafET9CE05hipI0U2E0vFCxSeWKuwuspGnTmgd1y2s4CcJ24FWmBCr3A/vIigbOEcI0ZUmrsOqn2CyQ1xYzMG16mSIrwDE3I2FCOEqL8YhF+Ds+NEsFYSHO4hgv190aBElXmM5MJ0lO16pXif9440/G1X1CeZppwvHwozhjUApZNwIhKgjXLDUFYUpMV4imSCGvTV8OU4K5+eZ0MOm3Xabv3l63uTVVHHZyCM3ABXHAFuuAO9EAfYJCDZ/AK3qwn68V6tz6WozWr2mmCP7A+fwAdRJUN</latexit>

 3
<latexit sha1_base64="i6M4BQMM3S98LabPULn/mDrrNBw=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQq6HHoxeME9wFrKWmabmFpUpJUKGX+K148KOLVP8Sb/43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD4/6SmQSkx4WTMhhiBRhlJOeppqRYSoJSkJGBuH0tvQHj0QqKviDzlPiJ2jMaUwx0kYK7KYXChapPDFX4XUVDS5mgd1y2s4ccJW4FWmBCt3A/vIigbOEcI0ZUmrkOqn2CyQ1xYzMGl6mSIrwFI3JyFCOEqL8Yh5+Bk+NEsFYSHO4hnP190aBElXmM5MJ0hO17JXif94o0/G1X1CeZppwvHgozhjUApZNwIhKgjXLDUFYUpMV4gmSCGvTV8OU4C5/eZX0z9uu03bvL1udm6qOOjgGJ+AMuOAKdMAd6IIewCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gAeyZUO</latexit><latexit sha1_base64="i6M4BQMM3S98LabPULn/mDrrNBw=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQq6HHoxeME9wFrKWmabmFpUpJUKGX+K148KOLVP8Sb/43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD4/6SmQSkx4WTMhhiBRhlJOeppqRYSoJSkJGBuH0tvQHj0QqKviDzlPiJ2jMaUwx0kYK7KYXChapPDFX4XUVDS5mgd1y2s4ccJW4FWmBCt3A/vIigbOEcI0ZUmrkOqn2CyQ1xYzMGl6mSIrwFI3JyFCOEqL8Yh5+Bk+NEsFYSHO4hnP190aBElXmM5MJ0hO17JXif94o0/G1X1CeZppwvHgozhjUApZNwIhKgjXLDUFYUpMV4gmSCGvTV8OU4C5/eZX0z9uu03bvL1udm6qOOjgGJ+AMuOAKdMAd6IIewCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gAeyZUO</latexit><latexit sha1_base64="i6M4BQMM3S98LabPULn/mDrrNBw=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQq6HHoxeME9wFrKWmabmFpUpJUKGX+K148KOLVP8Sb/43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD4/6SmQSkx4WTMhhiBRhlJOeppqRYSoJSkJGBuH0tvQHj0QqKviDzlPiJ2jMaUwx0kYK7KYXChapPDFX4XUVDS5mgd1y2s4ccJW4FWmBCt3A/vIigbOEcI0ZUmrkOqn2CyQ1xYzMGl6mSIrwFI3JyFCOEqL8Yh5+Bk+NEsFYSHO4hnP190aBElXmM5MJ0hO17JXif94o0/G1X1CeZppwvHgozhjUApZNwIhKgjXLDUFYUpMV4gmSCGvTV8OU4C5/eZX0z9uu03bvL1udm6qOOjgGJ+AMuOAKdMAd6IIewCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gAeyZUO</latexit><latexit sha1_base64="i6M4BQMM3S98LabPULn/mDrrNBw=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQq6HHoxeME9wFrKWmabmFpUpJUKGX+K148KOLVP8Sb/43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD4/6SmQSkx4WTMhhiBRhlJOeppqRYSoJSkJGBuH0tvQHj0QqKviDzlPiJ2jMaUwx0kYK7KYXChapPDFX4XUVDS5mgd1y2s4ccJW4FWmBCt3A/vIigbOEcI0ZUmrkOqn2CyQ1xYzMGl6mSIrwFI3JyFCOEqL8Yh5+Bk+NEsFYSHO4hnP190aBElXmM5MJ0hO17JXif94o0/G1X1CeZppwvHgozhjUApZNwIhKgjXLDUFYUpMV4gmSCGvTV8OU4C5/eZX0z9uu03bvL1udm6qOOjgGJ+AMuOAKdMAd6IIewCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gAeyZUO</latexit>

 r
<latexit sha1_base64="3PQAV5hJUf9C3bPLpMq/c9jtzhE=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7ivly5jdadtueA60SpyItqND1G19uKEgW00QTjpUaOXaqvQJLzQins7qbKZpiMsVjOjI0wTFVXjEPP0NnRglRJKQ5iUZz9fdGgWNV5jOTMdYTteyV4n/eKNPRtVewJM00TcjioSjjSAtUNoFCJinRPDcEE8lMVkQmWGKiTV91U4Kz/OVV0r9oO3bbub9sdW6qOmpwAqdwDg5cQQfuoAs9IJDDM7zCm/VkvVjv1sdidM2qdprwB9bnD36ElU0=</latexit><latexit sha1_base64="3PQAV5hJUf9C3bPLpMq/c9jtzhE=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7ivly5jdadtueA60SpyItqND1G19uKEgW00QTjpUaOXaqvQJLzQins7qbKZpiMsVjOjI0wTFVXjEPP0NnRglRJKQ5iUZz9fdGgWNV5jOTMdYTteyV4n/eKNPRtVewJM00TcjioSjjSAtUNoFCJinRPDcEE8lMVkQmWGKiTV91U4Kz/OVV0r9oO3bbub9sdW6qOmpwAqdwDg5cQQfuoAs9IJDDM7zCm/VkvVjv1sdidM2qdprwB9bnD36ElU0=</latexit><latexit sha1_base64="3PQAV5hJUf9C3bPLpMq/c9jtzhE=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7ivly5jdadtueA60SpyItqND1G19uKEgW00QTjpUaOXaqvQJLzQins7qbKZpiMsVjOjI0wTFVXjEPP0NnRglRJKQ5iUZz9fdGgWNV5jOTMdYTteyV4n/eKNPRtVewJM00TcjioSjjSAtUNoFCJinRPDcEE8lMVkQmWGKiTV91U4Kz/OVV0r9oO3bbub9sdW6qOmpwAqdwDg5cQQfuoAs9IJDDM7zCm/VkvVjv1sdidM2qdprwB9bnD36ElU0=</latexit><latexit sha1_base64="3PQAV5hJUf9C3bPLpMq/c9jtzhE=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7ivly5jdadtueA60SpyItqND1G19uKEgW00QTjpUaOXaqvQJLzQins7qbKZpiMsVjOjI0wTFVXjEPP0NnRglRJKQ5iUZz9fdGgWNV5jOTMdYTteyV4n/eKNPRtVewJM00TcjioSjjSAtUNoFCJinRPDcEE8lMVkQmWGKiTV91U4Kz/OVV0r9oO3bbub9sdW6qOmpwAqdwDg5cQQfuoAs9IJDDM7zCm/VkvVjv1sdidM2qdprwB9bnD36ElU0=</latexit>

…



Laplacian Eigenfunctions

kx = 2, ky = 1kx = 1, ky = 2

 x(x,k) = � 1

|k| sin(kxx) cos(kyy)
<latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit>

 y(x,k) =
1

|k| cos(kxx) sin(kyy)
<latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit>

12

kx = 2, ky = 2
<latexit sha1_base64="T3h0Lb1zsh6BjoKhivsVNGPH+uo="></latexit><latexit sha1_base64="T3h0Lb1zsh6BjoKhivsVNGPH+uo="></latexit><latexit sha1_base64="T3h0Lb1zsh6BjoKhivsVNGPH+uo="></latexit><latexit sha1_base64="T3h0Lb1zsh6BjoKhivsVNGPH+uo="></latexit>



Laplacian Eigenfunctions

13



Reconstruction Bottleneck

=

W 2 Rr
<latexit sha1_base64="n5EcDOv0Irhjc541xdIOJRYPWL4=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlE0GXRjcsq9gFNLJPppB06mYSZiVBCVm78FTcuFHHrN7jzb5y0XWjrgYEz59zLvfcECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJaJPEPJadACvKmaBNzTSnnURSHAWctoPRVeG3H6hULBZ3epxQP8IDwUJGsDZSzz70IqyHQZi1c+QxgabfILvN7zOZ9+yqU3MmQIvEnZEqzNDo2V9ePyZpRIUmHCvVdZ1E+xmWmhFO84qXKppgMsID2jVU4IgqP5uckaNjo/RRGEvzhEYT9XdHhiOlxlFgKost1bxXiP953VSHF37GRJJqKsh0UJhypGNUZIL6TFKi+dgQTCQzuyIyxBITbZKrmBDc+ZMXSeu05jo19+asWr+cxVGGAziCE3DhHOpwDQ1oAoFHeIZXeLOerBfr3fqYlpasWc8+/IH1+QOiyJk5</latexit><latexit sha1_base64="n5EcDOv0Irhjc541xdIOJRYPWL4=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlE0GXRjcsq9gFNLJPppB06mYSZiVBCVm78FTcuFHHrN7jzb5y0XWjrgYEz59zLvfcECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJaJPEPJadACvKmaBNzTSnnURSHAWctoPRVeG3H6hULBZ3epxQP8IDwUJGsDZSzz70IqyHQZi1c+QxgabfILvN7zOZ9+yqU3MmQIvEnZEqzNDo2V9ePyZpRIUmHCvVdZ1E+xmWmhFO84qXKppgMsID2jVU4IgqP5uckaNjo/RRGEvzhEYT9XdHhiOlxlFgKost1bxXiP953VSHF37GRJJqKsh0UJhypGNUZIL6TFKi+dgQTCQzuyIyxBITbZKrmBDc+ZMXSeu05jo19+asWr+cxVGGAziCE3DhHOpwDQ1oAoFHeIZXeLOerBfr3fqYlpasWc8+/IH1+QOiyJk5</latexit><latexit sha1_base64="n5EcDOv0Irhjc541xdIOJRYPWL4=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlE0GXRjcsq9gFNLJPppB06mYSZiVBCVm78FTcuFHHrN7jzb5y0XWjrgYEz59zLvfcECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJaJPEPJadACvKmaBNzTSnnURSHAWctoPRVeG3H6hULBZ3epxQP8IDwUJGsDZSzz70IqyHQZi1c+QxgabfILvN7zOZ9+yqU3MmQIvEnZEqzNDo2V9ePyZpRIUmHCvVdZ1E+xmWmhFO84qXKppgMsID2jVU4IgqP5uckaNjo/RRGEvzhEYT9XdHhiOlxlFgKost1bxXiP953VSHF37GRJJqKsh0UJhypGNUZIL6TFKi+dgQTCQzuyIyxBITbZKrmBDc+ZMXSeu05jo19+asWr+cxVGGAziCE3DhHOpwDQ1oAoFHeIZXeLOerBfr3fqYlpasWc8+/IH1+QOiyJk5</latexit><latexit sha1_base64="n5EcDOv0Irhjc541xdIOJRYPWL4=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlE0GXRjcsq9gFNLJPppB06mYSZiVBCVm78FTcuFHHrN7jzb5y0XWjrgYEz59zLvfcECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJaJPEPJadACvKmaBNzTSnnURSHAWctoPRVeG3H6hULBZ3epxQP8IDwUJGsDZSzz70IqyHQZi1c+QxgabfILvN7zOZ9+yqU3MmQIvEnZEqzNDo2V9ePyZpRIUmHCvVdZ1E+xmWmhFO84qXKppgMsID2jVU4IgqP5uckaNjo/RRGEvzhEYT9XdHhiOlxlFgKost1bxXiP953VSHF37GRJJqKsh0UJhypGNUZIL6TFKi+dgQTCQzuyIyxBITbZKrmBDc+ZMXSeu05jo19+asWr+cxVGGAziCE3DhHOpwDQ1oAoFHeIZXeLOerBfr3fqYlpasWc8+/IH1+QOiyJk5</latexit>

U 2 RN3⇥r
<latexit sha1_base64="KNM9FsjWAUWZkV4xJBYSfm+dSK0=">AAACEXicbVA9T8MwEHX4LOWrwMhiUSF1qhJAgrGChQkVRNpKTVs5rtNadZzIviBVUf4CC3+FhQGEWNnY+De4bQZoeZKl5/fudHfPjwXXYNvf1tLyyuraemGjuLm1vbNb2ttv6ChRlLk0EpFq+UQzwSVzgYNgrVgxEvqCNf3R1cRvPjCleSTvYRyzTkgGkgecEjBSr1TxQgJDP0jdDHtc4tnXT++ybnrTPcUe8JBprLJeqWxX7SnwInFyUkY56r3Sl9ePaBIyCVQQrduOHUMnJQo4FSwreolmMaEjMmBtQyUxczrp9KIMHxulj4NImScBT9XfHSkJtR6HvqmcLKznvYn4n9dOILjopFzGCTBJZ4OCRGCI8CQe3OeKURBjQwhV3OyK6ZAoQsGEWDQhOPMnL5LGSdWxq87tWbl2mcdRQIfoCFWQg85RDV2jOnIRRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwA/5J1C</latexit><latexit sha1_base64="KNM9FsjWAUWZkV4xJBYSfm+dSK0=">AAACEXicbVA9T8MwEHX4LOWrwMhiUSF1qhJAgrGChQkVRNpKTVs5rtNadZzIviBVUf4CC3+FhQGEWNnY+De4bQZoeZKl5/fudHfPjwXXYNvf1tLyyuraemGjuLm1vbNb2ttv6ChRlLk0EpFq+UQzwSVzgYNgrVgxEvqCNf3R1cRvPjCleSTvYRyzTkgGkgecEjBSr1TxQgJDP0jdDHtc4tnXT++ybnrTPcUe8JBprLJeqWxX7SnwInFyUkY56r3Sl9ePaBIyCVQQrduOHUMnJQo4FSwreolmMaEjMmBtQyUxczrp9KIMHxulj4NImScBT9XfHSkJtR6HvqmcLKznvYn4n9dOILjopFzGCTBJZ4OCRGCI8CQe3OeKURBjQwhV3OyK6ZAoQsGEWDQhOPMnL5LGSdWxq87tWbl2mcdRQIfoCFWQg85RDV2jOnIRRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwA/5J1C</latexit><latexit sha1_base64="KNM9FsjWAUWZkV4xJBYSfm+dSK0=">AAACEXicbVA9T8MwEHX4LOWrwMhiUSF1qhJAgrGChQkVRNpKTVs5rtNadZzIviBVUf4CC3+FhQGEWNnY+De4bQZoeZKl5/fudHfPjwXXYNvf1tLyyuraemGjuLm1vbNb2ttv6ChRlLk0EpFq+UQzwSVzgYNgrVgxEvqCNf3R1cRvPjCleSTvYRyzTkgGkgecEjBSr1TxQgJDP0jdDHtc4tnXT++ybnrTPcUe8JBprLJeqWxX7SnwInFyUkY56r3Sl9ePaBIyCVQQrduOHUMnJQo4FSwreolmMaEjMmBtQyUxczrp9KIMHxulj4NImScBT9XfHSkJtR6HvqmcLKznvYn4n9dOILjopFzGCTBJZ4OCRGCI8CQe3OeKURBjQwhV3OyK6ZAoQsGEWDQhOPMnL5LGSdWxq87tWbl2mcdRQIfoCFWQg85RDV2jOnIRRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwA/5J1C</latexit><latexit sha1_base64="KNM9FsjWAUWZkV4xJBYSfm+dSK0=">AAACEXicbVA9T8MwEHX4LOWrwMhiUSF1qhJAgrGChQkVRNpKTVs5rtNadZzIviBVUf4CC3+FhQGEWNnY+De4bQZoeZKl5/fudHfPjwXXYNvf1tLyyuraemGjuLm1vbNb2ttv6ChRlLk0EpFq+UQzwSVzgYNgrVgxEvqCNf3R1cRvPjCleSTvYRyzTkgGkgecEjBSr1TxQgJDP0jdDHtc4tnXT++ybnrTPcUe8JBprLJeqWxX7SnwInFyUkY56r3Sl9ePaBIyCVQQrduOHUMnJQo4FSwreolmMaEjMmBtQyUxczrp9KIMHxulj4NImScBT9XfHSkJtR6HvqmcLKznvYn4n9dOILjopFzGCTBJZ4OCRGCI8CQe3OeKURBjQwhV3OyK6ZAoQsGEWDQhOPMnL5LGSdWxq87tWbl2mcdRQIfoCFWQg85RDV2jOnIRRY/oGb2iN+vJerHerY9Z6ZKV9xygP7A+fwA/5J1C</latexit>

u 2 RN3

<latexit sha1_base64="hvGO4gFHcEY/ygtFAv951IAy/aU=">AAACCHicbVC7TsMwFL3hWcorwMiARYXEVCWABGMFCxMqiD6kpq0c12mtOk5kO0hVlJGFX2FhACFWPoGNv8FtM0DLkSwdn3Ov7r3HjzlT2nG+rYXFpeWV1cJacX1jc2vb3tmtqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMfXo39xgOVikXiXo9i2g5xX7CAEayN1LUPvBDrgR+kSYY8JtD066d3WSe96ZxmXbvklJ0J0Dxxc1KCHNWu/eX1IpKEVGjCsVIt14l1O8VSM8JpVvQSRWNMhrhPW4YKHFLVTieHZOjIKD0URNI8odFE/d2R4lCpUeibyvGeatYbi/95rUQHF+2UiTjRVJDpoCDhSEdonArqMUmJ5iNDMJHM7IrIAEtMtMmuaEJwZ0+eJ/WTsuuU3duzUuUyj6MA+3AIx+DCOVTgGqpQAwKP8Ayv8GY9WS/Wu/UxLV2w8p49+APr8wfY8JnY</latexit><latexit sha1_base64="hvGO4gFHcEY/ygtFAv951IAy/aU=">AAACCHicbVC7TsMwFL3hWcorwMiARYXEVCWABGMFCxMqiD6kpq0c12mtOk5kO0hVlJGFX2FhACFWPoGNv8FtM0DLkSwdn3Ov7r3HjzlT2nG+rYXFpeWV1cJacX1jc2vb3tmtqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMfXo39xgOVikXiXo9i2g5xX7CAEayN1LUPvBDrgR+kSYY8JtD066d3WSe96ZxmXbvklJ0J0Dxxc1KCHNWu/eX1IpKEVGjCsVIt14l1O8VSM8JpVvQSRWNMhrhPW4YKHFLVTieHZOjIKD0URNI8odFE/d2R4lCpUeibyvGeatYbi/95rUQHF+2UiTjRVJDpoCDhSEdonArqMUmJ5iNDMJHM7IrIAEtMtMmuaEJwZ0+eJ/WTsuuU3duzUuUyj6MA+3AIx+DCOVTgGqpQAwKP8Ayv8GY9WS/Wu/UxLV2w8p49+APr8wfY8JnY</latexit><latexit sha1_base64="hvGO4gFHcEY/ygtFAv951IAy/aU=">AAACCHicbVC7TsMwFL3hWcorwMiARYXEVCWABGMFCxMqiD6kpq0c12mtOk5kO0hVlJGFX2FhACFWPoGNv8FtM0DLkSwdn3Ov7r3HjzlT2nG+rYXFpeWV1cJacX1jc2vb3tmtqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMfXo39xgOVikXiXo9i2g5xX7CAEayN1LUPvBDrgR+kSYY8JtD066d3WSe96ZxmXbvklJ0J0Dxxc1KCHNWu/eX1IpKEVGjCsVIt14l1O8VSM8JpVvQSRWNMhrhPW4YKHFLVTieHZOjIKD0URNI8odFE/d2R4lCpUeibyvGeatYbi/95rUQHF+2UiTjRVJDpoCDhSEdonArqMUmJ5iNDMJHM7IrIAEtMtMmuaEJwZ0+eJ/WTsuuU3duzUuUyj6MA+3AIx+DCOVTgGqpQAwKP8Ayv8GY9WS/Wu/UxLV2w8p49+APr8wfY8JnY</latexit><latexit sha1_base64="hvGO4gFHcEY/ygtFAv951IAy/aU=">AAACCHicbVC7TsMwFL3hWcorwMiARYXEVCWABGMFCxMqiD6kpq0c12mtOk5kO0hVlJGFX2FhACFWPoGNv8FtM0DLkSwdn3Ov7r3HjzlT2nG+rYXFpeWV1cJacX1jc2vb3tmtqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMfXo39xgOVikXiXo9i2g5xX7CAEayN1LUPvBDrgR+kSYY8JtD066d3WSe96ZxmXbvklJ0J0Dxxc1KCHNWu/eX1IpKEVGjCsVIt14l1O8VSM8JpVvQSRWNMhrhPW4YKHFLVTieHZOjIKD0URNI8odFE/d2R4lCpUeibyvGeatYbi/95rUQHF+2UiTjRVJDpoCDhSEdonArqMUmJ5iNDMJHM7IrIAEtMtMmuaEJwZ0+eJ/WTsuuU3duzUuUyj6MA+3AIx+DCOVTgGqpQAwKP8Ayv8GY9WS/Wu/UxLV2w8p49+APr8wfY8JnY</latexit>

14

U = { 1, 2, ..., r}
<latexit sha1_base64="EC3lK1l5PDSN+8qoBEsOymZ7x58=">AAACPnicbVDLSsNAFJ3UV62vqEs3g0VwUUJSBN0IRTcuK5i20IQwmUzaoZMHMxOhhHyZG7/BnUs3LhRx69JJm4W2PTDM4Zx7ufceP2VUSNN81Wpr6xubW/Xtxs7u3v6BfnjUE0nGMbFxwhI+8JEgjMbEllQyMkg5QZHPSN+f3JZ+/5FwQZP4QU5T4kZoFNOQYiSV5Om2EyE59sPcLuA1dHLo+AkLxDRSX+50BS08q7VCbLegYRirHA6dwtObpmHOAJeJVZEmqND19BcnSHAWkVhihoQYWmYq3RxxSTEjRcPJBEkRnqARGSoao4gIN5+dX8AzpQQwTLh6sYQz9W9HjiJRrqgqy2PFoleKq7xhJsMrN6dxmkkS4/mgMGNQJrDMEgaUEyzZVBGEOVW7QjxGHGGpEm+oEKzFk5dJr21YpmHdXzQ7N1UcdXACTsE5sMAl6IA70AU2wOAJvIEP8Kk9a+/al/Y9L61pVc8x+Aft5xc3r68e</latexit><latexit sha1_base64="EC3lK1l5PDSN+8qoBEsOymZ7x58=">AAACPnicbVDLSsNAFJ3UV62vqEs3g0VwUUJSBN0IRTcuK5i20IQwmUzaoZMHMxOhhHyZG7/BnUs3LhRx69JJm4W2PTDM4Zx7ufceP2VUSNN81Wpr6xubW/Xtxs7u3v6BfnjUE0nGMbFxwhI+8JEgjMbEllQyMkg5QZHPSN+f3JZ+/5FwQZP4QU5T4kZoFNOQYiSV5Om2EyE59sPcLuA1dHLo+AkLxDRSX+50BS08q7VCbLegYRirHA6dwtObpmHOAJeJVZEmqND19BcnSHAWkVhihoQYWmYq3RxxSTEjRcPJBEkRnqARGSoao4gIN5+dX8AzpQQwTLh6sYQz9W9HjiJRrqgqy2PFoleKq7xhJsMrN6dxmkkS4/mgMGNQJrDMEgaUEyzZVBGEOVW7QjxGHGGpEm+oEKzFk5dJr21YpmHdXzQ7N1UcdXACTsE5sMAl6IA70AU2wOAJvIEP8Kk9a+/al/Y9L61pVc8x+Aft5xc3r68e</latexit><latexit sha1_base64="EC3lK1l5PDSN+8qoBEsOymZ7x58=">AAACPnicbVDLSsNAFJ3UV62vqEs3g0VwUUJSBN0IRTcuK5i20IQwmUzaoZMHMxOhhHyZG7/BnUs3LhRx69JJm4W2PTDM4Zx7ufceP2VUSNN81Wpr6xubW/Xtxs7u3v6BfnjUE0nGMbFxwhI+8JEgjMbEllQyMkg5QZHPSN+f3JZ+/5FwQZP4QU5T4kZoFNOQYiSV5Om2EyE59sPcLuA1dHLo+AkLxDRSX+50BS08q7VCbLegYRirHA6dwtObpmHOAJeJVZEmqND19BcnSHAWkVhihoQYWmYq3RxxSTEjRcPJBEkRnqARGSoao4gIN5+dX8AzpQQwTLh6sYQz9W9HjiJRrqgqy2PFoleKq7xhJsMrN6dxmkkS4/mgMGNQJrDMEgaUEyzZVBGEOVW7QjxGHGGpEm+oEKzFk5dJr21YpmHdXzQ7N1UcdXACTsE5sMAl6IA70AU2wOAJvIEP8Kk9a+/al/Y9L61pVc8x+Aft5xc3r68e</latexit><latexit sha1_base64="EC3lK1l5PDSN+8qoBEsOymZ7x58=">AAACPnicbVDLSsNAFJ3UV62vqEs3g0VwUUJSBN0IRTcuK5i20IQwmUzaoZMHMxOhhHyZG7/BnUs3LhRx69JJm4W2PTDM4Zx7ufceP2VUSNN81Wpr6xubW/Xtxs7u3v6BfnjUE0nGMbFxwhI+8JEgjMbEllQyMkg5QZHPSN+f3JZ+/5FwQZP4QU5T4kZoFNOQYiSV5Om2EyE59sPcLuA1dHLo+AkLxDRSX+50BS08q7VCbLegYRirHA6dwtObpmHOAJeJVZEmqND19BcnSHAWkVhihoQYWmYq3RxxSTEjRcPJBEkRnqARGSoao4gIN5+dX8AzpQQwTLh6sYQz9W9HjiJRrqgqy2PFoleKq7xhJsMrN6dxmkkS4/mgMGNQJrDMEgaUEyzZVBGEOVW7QjxGHGGpEm+oEKzFk5dJr21YpmHdXzQ7N1UcdXACTsE5sMAl6IA70AU2wOAJvIEP8Kk9a+/al/Y9L61pVc8x+Aft5xc3r68e</latexit>

84%
<latexit sha1_base64="NdN77Krufh/MGuqPS6BQPf1bymc=">AAAB63icdVDLSgMxFM34rPVVdekmWAquhkwd2rorunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+YaSuo6IELh3Pu5d57woQzbRD6cNbWNza3tgs7xd29/YPD0tFxR8epIrRNYh6rXog15UzStmGG016iKBYhp91wep373XuqNIvlnZklNBB4LFnECDa51PAHlWGpjNzLRq3q1yByEap7VS8n1bp/4UPPKjnKYIXWsPQ+GMUkFVQawrHWfQ8lJsiwMoxwOi8OUk0TTKZ4TPuWSiyoDrLFrXNYscoIRrGyJQ1cqN8nMiy0nonQdgpsJvq3l4t/ef3URI0gYzJJDZVkuShKOTQxzB+HI6YoMXxmCSaK2VshmWCFibHxFG0IX5/C/0mn6nrI9W79cvNqFUcBnIIzcA48UAdNcANaoA0ImIAH8ASeHeE8Oi/O67J1zVnNnIAfcN4+AWfYjdE=</latexit><latexit sha1_base64="NdN77Krufh/MGuqPS6BQPf1bymc=">AAAB63icdVDLSgMxFM34rPVVdekmWAquhkwd2rorunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+YaSuo6IELh3Pu5d57woQzbRD6cNbWNza3tgs7xd29/YPD0tFxR8epIrRNYh6rXog15UzStmGG016iKBYhp91wep373XuqNIvlnZklNBB4LFnECDa51PAHlWGpjNzLRq3q1yByEap7VS8n1bp/4UPPKjnKYIXWsPQ+GMUkFVQawrHWfQ8lJsiwMoxwOi8OUk0TTKZ4TPuWSiyoDrLFrXNYscoIRrGyJQ1cqN8nMiy0nonQdgpsJvq3l4t/ef3URI0gYzJJDZVkuShKOTQxzB+HI6YoMXxmCSaK2VshmWCFibHxFG0IX5/C/0mn6nrI9W79cvNqFUcBnIIzcA48UAdNcANaoA0ImIAH8ASeHeE8Oi/O67J1zVnNnIAfcN4+AWfYjdE=</latexit><latexit sha1_base64="NdN77Krufh/MGuqPS6BQPf1bymc=">AAAB63icdVDLSgMxFM34rPVVdekmWAquhkwd2rorunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+YaSuo6IELh3Pu5d57woQzbRD6cNbWNza3tgs7xd29/YPD0tFxR8epIrRNYh6rXog15UzStmGG016iKBYhp91wep373XuqNIvlnZklNBB4LFnECDa51PAHlWGpjNzLRq3q1yByEap7VS8n1bp/4UPPKjnKYIXWsPQ+GMUkFVQawrHWfQ8lJsiwMoxwOi8OUk0TTKZ4TPuWSiyoDrLFrXNYscoIRrGyJQ1cqN8nMiy0nonQdgpsJvq3l4t/ef3URI0gYzJJDZVkuShKOTQxzB+HI6YoMXxmCSaK2VshmWCFibHxFG0IX5/C/0mn6nrI9W79cvNqFUcBnIIzcA48UAdNcANaoA0ImIAH8ASeHeE8Oi/O67J1zVnNnIAfcN4+AWfYjdE=</latexit><latexit sha1_base64="NdN77Krufh/MGuqPS6BQPf1bymc=">AAAB63icdVDLSgMxFM34rPVVdekmWAquhkwd2rorunFZwT6gHUomzbShSWZIMkIZ+gtuXCji1h9y59+YaSuo6IELh3Pu5d57woQzbRD6cNbWNza3tgs7xd29/YPD0tFxR8epIrRNYh6rXog15UzStmGG016iKBYhp91wep373XuqNIvlnZklNBB4LFnECDa51PAHlWGpjNzLRq3q1yByEap7VS8n1bp/4UPPKjnKYIXWsPQ+GMUkFVQawrHWfQ8lJsiwMoxwOi8OUk0TTKZ4TPuWSiyoDrLFrXNYscoIRrGyJQ1cqN8nMiy0nonQdgpsJvq3l4t/ef3URI0gYzJJDZVkuShKOTQxzB+HI6YoMXxmCSaK2VshmWCFibHxFG0IX5/C/0mn6nrI9W79cvNqFUcBnIIzcA48UAdNcANaoA0ImIAH8ASeHeE8Oi/O67J1zVnNnIAfcN4+AWfYjdE=</latexit>

⇥
<latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit><latexit sha1_base64="JT1u2+yqajB1FFtHyAjfq9uy2vo=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KokIuiy6cVnBPqAJZTKZtEMnkzAzEUKov+LGhSJu/RB3/o2TNgttvTDM4Zx7ueeeIOVMacf5ttbWNza3tms79d29/YND++i4p5JMEtolCU/kIMCKciZoVzPN6SCVFMcBp/1gelvq/UcqFUvEg85T6sd4LFjECNaGGtkNL0h4qPLYfIWnWUzVbGQ3nZYzL7QK3Ao0oarOyP7ywoRkMRWacKzU0HVS7RdYakY4ndW9TNEUkyke06GBApstfjE3P0NnhglRlEjzhEZz9vdEgWNV+jOdMdYTtayV5H/aMNPRtV8wkWaaCrJYFGUc6QSVSaCQSUo0zw3ARDLjFZEJlphok1fdhOAun7wKehct12m595fN9k0VRw1O4BTOwYUraMMddKALBHJ4hld4s56sF+vd+li0rlnVTAP+lPX5A7c9lXI=</latexit>

r ⇡ 1000
<latexit sha1_base64="ZxmkSCxiAZsmK5MWVndxx4vrp9Q=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXQzIObd0V3bisYB/QjiWTZtrQzIMko5ah/+HGhSJu/Rd3/o2ZtoKKHrhwOOde7r3HTwRXGqEPa2l5ZXVtvbBR3Nza3tkt7e23VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX+R++5ZJxePoWk8S5oVkGPGAU6KNdCNhjySJjO8hRgj1S2Vkn9UqjluByEaoih2cE6fqnroQGyVHGSzQ6Jfee4OYpiGLNBVEqS5GifYyIjWngk2LvVSxhNAxGbKuoREJmfKy2dVTeGyUAQxiaSrScKZ+n8hIqNQk9E1nSPRI/fZy8S+vm+qg5mU8SlLNIjpfFKQC6hjmEcABl4xqMTGEUMnNrZCOiCRUm6CKJoSvT+H/pOXYGNn4yi3XzxdxFMAhOAInAIMqqINL0ABNQIEED+AJPFt31qP1Yr3OW5esxcwB+AHr7RNAbpGx</latexit><latexit sha1_base64="ZxmkSCxiAZsmK5MWVndxx4vrp9Q=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXQzIObd0V3bisYB/QjiWTZtrQzIMko5ah/+HGhSJu/Rd3/o2ZtoKKHrhwOOde7r3HTwRXGqEPa2l5ZXVtvbBR3Nza3tkt7e23VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX+R++5ZJxePoWk8S5oVkGPGAU6KNdCNhjySJjO8hRgj1S2Vkn9UqjluByEaoih2cE6fqnroQGyVHGSzQ6Jfee4OYpiGLNBVEqS5GifYyIjWngk2LvVSxhNAxGbKuoREJmfKy2dVTeGyUAQxiaSrScKZ+n8hIqNQk9E1nSPRI/fZy8S+vm+qg5mU8SlLNIjpfFKQC6hjmEcABl4xqMTGEUMnNrZCOiCRUm6CKJoSvT+H/pOXYGNn4yi3XzxdxFMAhOAInAIMqqINL0ABNQIEED+AJPFt31qP1Yr3OW5esxcwB+AHr7RNAbpGx</latexit><latexit sha1_base64="ZxmkSCxiAZsmK5MWVndxx4vrp9Q=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXQzIObd0V3bisYB/QjiWTZtrQzIMko5ah/+HGhSJu/Rd3/o2ZtoKKHrhwOOde7r3HTwRXGqEPa2l5ZXVtvbBR3Nza3tkt7e23VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX+R++5ZJxePoWk8S5oVkGPGAU6KNdCNhjySJjO8hRgj1S2Vkn9UqjluByEaoih2cE6fqnroQGyVHGSzQ6Jfee4OYpiGLNBVEqS5GifYyIjWngk2LvVSxhNAxGbKuoREJmfKy2dVTeGyUAQxiaSrScKZ+n8hIqNQk9E1nSPRI/fZy8S+vm+qg5mU8SlLNIjpfFKQC6hjmEcABl4xqMTGEUMnNrZCOiCRUm6CKJoSvT+H/pOXYGNn4yi3XzxdxFMAhOAInAIMqqINL0ABNQIEED+AJPFt31qP1Yr3OW5esxcwB+AHr7RNAbpGx</latexit><latexit sha1_base64="ZxmkSCxiAZsmK5MWVndxx4vrp9Q=">AAAB9XicdVDLSgMxFM34rPVVdekmWARXQzIObd0V3bisYB/QjiWTZtrQzIMko5ah/+HGhSJu/Rd3/o2ZtoKKHrhwOOde7r3HTwRXGqEPa2l5ZXVtvbBR3Nza3tkt7e23VJxKypo0FrHs+EQxwSPW1FwL1kkkI6EvWNsfX+R++5ZJxePoWk8S5oVkGPGAU6KNdCNhjySJjO8hRgj1S2Vkn9UqjluByEaoih2cE6fqnroQGyVHGSzQ6Jfee4OYpiGLNBVEqS5GifYyIjWngk2LvVSxhNAxGbKuoREJmfKy2dVTeGyUAQxiaSrScKZ+n8hIqNQk9E1nSPRI/fZy8S+vm+qg5mU8SlLNIjpfFKQC6hjmEcABl4xqMTGEUMnNrZCOiCRUm6CKJoSvT+H/pOXYGNn4yi3XzxdxFMAhOAInAIMqqINL0ABNQIEED+AJPFt31qP1Yr3OW5esxcwB+AHr7RNAbpGx</latexit>

50.5 GB



Analytical Basis

• Basis take analytical forms under rectangular domain

 x(x,k) = � 1

|k| sin(kxx) cos(kyy)
<latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit>

 y(x,k) =
1

|k| cos(kxx) sin(kyy)
<latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit>

• Removes basis storage
• 5-7 times slower

15

44.1 seconds vs 9.5 secondsr ⇡ 1000
<latexit sha1_base64="lJ4nwaBZcyI0uIZLBBpMB9koueY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48V7Ae0a8mm2TY0uwlJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKsGNxfjbK6ysrq1vFDdLW9s7u3vl/YOmkammrEGlkLodEsMET1jDcitYW2lG4lCwVji6nvqtB6YNl8mdHSsWxGSQ8IhTYp10r1GXKKXlE/Ixxr1yBVfxDGiZ+DmpQI56r/zV7UuaxiyxVBBjOj 5WNsiItpwKNil1U8MUoSMyYB1HExIzE2SzqyfoxCl9FEntKrFopv6eyEhszDgOXWdM7NAselPxP6+T2ugyyHiiUssSOl8UpQJZiaYRoD7XjFoxdoRQzd2tiA6JJtS6oEouBH/x5WXSPKv6uOrfnldqV3kcRTiCYzgFHy6gBjdQhwZQ0PAMr/DmPXov3rv3MW8tePnMIfyB9/kD4FCRbw==</latexit><latexit sha1_base64="lJ4nwaBZcyI0uIZLBBpMB9koueY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48V7Ae0a8mm2TY0uwlJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKsGNxfjbK6ysrq1vFDdLW9s7u3vl/YOmkammrEGlkLodEsMET1jDcitYW2lG4lCwVji6nvqtB6YNl8mdHSsWxGSQ8IhTYp10r1GXKKXlE/Ixxr1yBVfxDGiZ+DmpQI56r/zV7UuaxiyxVBBjOj 5WNsiItpwKNil1U8MUoSMyYB1HExIzE2SzqyfoxCl9FEntKrFopv6eyEhszDgOXWdM7NAselPxP6+T2ugyyHiiUssSOl8UpQJZiaYRoD7XjFoxdoRQzd2tiA6JJtS6oEouBH/x5WXSPKv6uOrfnldqV3kcRTiCYzgFHy6gBjdQhwZQ0PAMr/DmPXov3rv3MW8tePnMIfyB9/kD4FCRbw==</latexit><latexit sha1_base64="lJ4nwaBZcyI0uIZLBBpMB9koueY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48V7Ae0a8mm2TY0uwlJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKsGNxfjbK6ysrq1vFDdLW9s7u3vl/YOmkammrEGlkLodEsMET1jDcitYW2lG4lCwVji6nvqtB6YNl8mdHSsWxGSQ8IhTYp10r1GXKKXlE/Ixxr1yBVfxDGiZ+DmpQI56r/zV7UuaxiyxVBBjOj 5WNsiItpwKNil1U8MUoSMyYB1HExIzE2SzqyfoxCl9FEntKrFopv6eyEhszDgOXWdM7NAselPxP6+T2ugyyHiiUssSOl8UpQJZiaYRoD7XjFoxdoRQzd2tiA6JJtS6oEouBH/x5WXSPKv6uOrfnldqV3kcRTiCYzgFHy6gBjdQhwZQ0PAMr/DmPXov3rv3MW8tePnMIfyB9/kD4FCRbw==</latexit><latexit sha1_base64="lJ4nwaBZcyI0uIZLBBpMB9koueY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU8mKoMeiF48V7Ae0a8mm2TY0uwlJVi1L/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXKsGNxfjbK6ysrq1vFDdLW9s7u3vl/YOmkammrEGlkLodEsMET1jDcitYW2lG4lCwVji6nvqtB6YNl8mdHSsWxGSQ8IhTYp10r1GXKKXlE/Ixxr1yBVfxDGiZ+DmpQI56r/zV7UuaxiyxVBBjOj 5WNsiItpwKNil1U8MUoSMyYB1HExIzE2SzqyfoxCl9FEntKrFopv6eyEhszDgOXWdM7NAselPxP6+T2ugyyHiiUssSOl8UpQJZiaYRoD7XjFoxdoRQzd2tiA6JJtS6oEouBH/x5WXSPKv6uOrfnldqV3kcRTiCYzgFHy6gBjdQhwZQ0PAMr/DmPXov3rv3MW8tePnMIfyB9/kD4FCRbw==</latexit>

•



Boundary Conditions
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Dirichlet: Neumann:
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Analytical Basis with DCT

• Memory complexity:

• Time complexity:

O(rN3)
<latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit>

O(r)
<latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit>

O(rN3)
<latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit>

O(N3 log(N))
<latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit>
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Analytical Basis with DCT

Dirichlet: Neumann:



Basis Transformations with DCT

 x(x,k) = � 1

|k| sin(kxx) cos(kyy)
<latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit>

 y(x,k) =
1

|k| cos(kxx) sin(kyy)
<latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit>

f̂k = f · k
<latexit sha1_base64="2H/S/Otdpu7lrhN0LN/XvnA/dY4=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiqAuh6MZlBfuAzjBkMpk2NDMZkjtCGfotbvwVNy4UdSX4MWbagtp6IeTk3HPJuSdIBddg259WaWl5ZXWtvF7Z2Nza3qnu7rW1zBRlLSqFVN2AaCZ4wlrAQbBuqhiJA8E6wfC66HfumdJcJncwSpkXk37CI04JGMqvXrgDArkbExgEUR6Nx/4QX+KfN3ZpKAG7gRShHsXmyt2m5kbmV2t23Z4UXgTODNTQrJp+9d0NJc1ilgAVROueY6fg5UQBp4KNK26mWUrokPRZz8CExEx7+WTFMT4yTIgjqcxJAE/Y3xM5iXXhzygL73q+V5D/9XoZROdezpM0A5bQ6UdRJjBIXOSFQ64YBTEygFDFjVdMB0QRCibVignBmV95EbRP6o5dd25Pa42rWRxldIAO0TFy0BlqoBvURC1E0QN6Qi/o1Xq0nq0362MqLVmzmX30p6yvbxDWpTg=</latexit><latexit sha1_base64="2H/S/Otdpu7lrhN0LN/XvnA/dY4=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiqAuh6MZlBfuAzjBkMpk2NDMZkjtCGfotbvwVNy4UdSX4MWbagtp6IeTk3HPJuSdIBddg259WaWl5ZXWtvF7Z2Nza3qnu7rW1zBRlLSqFVN2AaCZ4wlrAQbBuqhiJA8E6wfC66HfumdJcJncwSpkXk37CI04JGMqvXrgDArkbExgEUR6Nx/4QX+KfN3ZpKAG7gRShHsXmyt2m5kbmV2t23Z4UXgTODNTQrJp+9d0NJc1ilgAVROueY6fg5UQBp4KNK26mWUrokPRZz8CExEx7+WTFMT4yTIgjqcxJAE/Y3xM5iXXhzygL73q+V5D/9XoZROdezpM0A5bQ6UdRJjBIXOSFQ64YBTEygFDFjVdMB0QRCibVignBmV95EbRP6o5dd25Pa42rWRxldIAO0TFy0BlqoBvURC1E0QN6Qi/o1Xq0nq0362MqLVmzmX30p6yvbxDWpTg=</latexit><latexit sha1_base64="2H/S/Otdpu7lrhN0LN/XvnA/dY4=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiqAuh6MZlBfuAzjBkMpk2NDMZkjtCGfotbvwVNy4UdSX4MWbagtp6IeTk3HPJuSdIBddg259WaWl5ZXWtvF7Z2Nza3qnu7rW1zBRlLSqFVN2AaCZ4wlrAQbBuqhiJA8E6wfC66HfumdJcJncwSpkXk37CI04JGMqvXrgDArkbExgEUR6Nx/4QX+KfN3ZpKAG7gRShHsXmyt2m5kbmV2t23Z4UXgTODNTQrJp+9d0NJc1ilgAVROueY6fg5UQBp4KNK26mWUrokPRZz8CExEx7+WTFMT4yTIgjqcxJAE/Y3xM5iXXhzygL73q+V5D/9XoZROdezpM0A5bQ6UdRJjBIXOSFQ64YBTEygFDFjVdMB0QRCibVignBmV95EbRP6o5dd25Pa42rWRxldIAO0TFy0BlqoBvURC1E0QN6Qi/o1Xq0nq0362MqLVmzmX30p6yvbxDWpTg=</latexit><latexit sha1_base64="2H/S/Otdpu7lrhN0LN/XvnA/dY4=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiqAuh6MZlBfuAzjBkMpk2NDMZkjtCGfotbvwVNy4UdSX4MWbagtp6IeTk3HPJuSdIBddg259WaWl5ZXWtvF7Z2Nza3qnu7rW1zBRlLSqFVN2AaCZ4wlrAQbBuqhiJA8E6wfC66HfumdJcJncwSpkXk37CI04JGMqvXrgDArkbExgEUR6Nx/4QX+KfN3ZpKAG7gRShHsXmyt2m5kbmV2t23Z4UXgTODNTQrJp+9d0NJc1ilgAVROueY6fg5UQBp4KNK26mWUrokPRZz8CExEx7+WTFMT4yTIgjqcxJAE/Y3xM5iXXhzygL73q+V5D/9XoZROdezpM0A5bQ6UdRJjBIXOSFQ64YBTEygFDFjVdMB0QRCibVignBmV95EbRP6o5dd25Pa42rWRxldIAO0TFy0BlqoBvURC1E0QN6Qi/o1Xq0nq0362MqLVmzmX30p6yvbxDWpTg=</latexit>

= hfx, x(k)i+ hfy, y(k)i
<latexit sha1_base64="EW3ETkWa+/4p2EFEG8SWBGA7VsA="></latexit><latexit sha1_base64="EW3ETkWa+/4p2EFEG8SWBGA7VsA="></latexit><latexit sha1_base64="EW3ETkWa+/4p2EFEG8SWBGA7VsA="></latexit><latexit sha1_base64="EW3ETkWa+/4p2EFEG8SWBGA7VsA="></latexit>

hfx, x(k)i = � 1

|k|ky
Z

⌦
fx sin(kxx) cos(kyy)dxdy

<latexit sha1_base64="28IFk4BrfXcbkqqlDkmv8ce9QKQ="></latexit><latexit sha1_base64="28IFk4BrfXcbkqqlDkmv8ce9QKQ="></latexit><latexit sha1_base64="28IFk4BrfXcbkqqlDkmv8ce9QKQ="></latexit><latexit sha1_base64="28IFk4BrfXcbkqqlDkmv8ce9QKQ="></latexit>

20



fx
<latexit sha1_base64="DYTnTAG62w1dETo0lt/7RNu3ly8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYhbPB06Bac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A3p+kfU=</latexit><latexit sha1_base64="DYTnTAG62w1dETo0lt/7RNu3ly8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYhbPB06Bac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A3p+kfU=</latexit><latexit sha1_base64="DYTnTAG62w1dETo0lt/7RNu3ly8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYhbPB06Bac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A3p+kfU=</latexit><latexit sha1_base64="DYTnTAG62w1dETo0lt/7RNu3ly8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYhbPB06Bac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A3p+kfU=</latexit>

N
<latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit>

N
<latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit><latexit sha1_base64="FsFohXQjc3OA/BBAi7JXP9TMCN0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiydpwX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjft+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpPHUYQTOIVz8OAKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fppGM0g==</latexit>

p
r

<latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit>

DCT

21



fx
<latexit sha1_base64="DYTnTAG62w1dETo0lt/7RNu3ly8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYhbPB06Bac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A3p+kfU=</latexit><latexit sha1_base64="DYTnTAG62w1dETo0lt/7RNu3ly8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYhbPB06Bac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A3p+kfU=</latexit><latexit sha1_base64="DYTnTAG62w1dETo0lt/7RNu3ly8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYhbPB06Bac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A3p+kfU=</latexit><latexit sha1_base64="DYTnTAG62w1dETo0lt/7RNu3ly8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYhbPB06Bac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5A3p+kfU=</latexit>

DST
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p
r

<latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit>

p
r

<latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit>



hfx, x(k)i
<latexit sha1_base64="R7yVAnB2OIMDzA0A5qYWaHFFybQ="></latexit><latexit sha1_base64="R7yVAnB2OIMDzA0A5qYWaHFFybQ="></latexit><latexit sha1_base64="R7yVAnB2OIMDzA0A5qYWaHFFybQ="></latexit><latexit sha1_base64="R7yVAnB2OIMDzA0A5qYWaHFFybQ="></latexit>

kx
<latexit sha1_base64="lYXaPC/GRmGhwODXjnd/DdRyWTI="></latexit><latexit sha1_base64="lYXaPC/GRmGhwODXjnd/DdRyWTI="></latexit><latexit sha1_base64="lYXaPC/GRmGhwODXjnd/DdRyWTI="></latexit><latexit sha1_base64="lYXaPC/GRmGhwODXjnd/DdRyWTI="></latexit>

ky
<latexit sha1_base64="/wuySZKLwT3qnOM6gFqd/jBYaAg="></latexit><latexit sha1_base64="/wuySZKLwT3qnOM6gFqd/jBYaAg="></latexit><latexit sha1_base64="/wuySZKLwT3qnOM6gFqd/jBYaAg="></latexit><latexit sha1_base64="/wuySZKLwT3qnOM6gFqd/jBYaAg="></latexit>
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p
r

<latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit>

p
r

<latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit>



W
<latexit sha1_base64="VuJU3mRRCA4e6ufiU//UHTKMLgo=">AAACUXicbVDLSsNAFL2Jr9r6dukmWARXJRFBl6IblxWsFZtSJpOJHTKPMDNRSshfuNWfcuWnuHPSBrStFwYO55zLPXOijFFtfP/LcVdW19Y3GpvN1tb2zu7e/sGDlrnCpIclk+oxQpowKkjPUMPIY6YI4hEj/Si9qfT+C1GaSnFvJhkZcvQsaEIxMpZ6Cjky4ygp+uVor+13/Ol4yyCoQRvq6Y72nSCMJc45EQYzpPUg8DMzLJAyFDNSNsNckwzhFD2TgYUCcaKHxTRy6Z1YJvYSqewTxpuyfzcKxLWe8Mg6q4h6UavI/7RBbpLLYUFFlhsi8OxQkjPPSK/6vxdTRbBhEwsQVtRm9fAYKYSNbakZCvKKJedIxEX40h3TsggjyeIqimRF2NW0LOddSWI9dY3Jopimv2JaViUHi5Uug4ezTuB3grvz9tV1XXcDjuAYTiGAC7iCW+hCDzAIeIN3+HA+nW8XXHdmdZ165xDmxm39AOEitm8=</latexit><latexit sha1_base64="VuJU3mRRCA4e6ufiU//UHTKMLgo=">AAACUXicbVDLSsNAFL2Jr9r6dukmWARXJRFBl6IblxWsFZtSJpOJHTKPMDNRSshfuNWfcuWnuHPSBrStFwYO55zLPXOijFFtfP/LcVdW19Y3GpvN1tb2zu7e/sGDlrnCpIclk+oxQpowKkjPUMPIY6YI4hEj/Si9qfT+C1GaSnFvJhkZcvQsaEIxMpZ6Cjky4ygp+uVor+13/Ol4yyCoQRvq6Y72nSCMJc45EQYzpPUg8DMzLJAyFDNSNsNckwzhFD2TgYUCcaKHxTRy6Z1YJvYSqewTxpuyfzcKxLWe8Mg6q4h6UavI/7RBbpLLYUFFlhsi8OxQkjPPSK/6vxdTRbBhEwsQVtRm9fAYKYSNbakZCvKKJedIxEX40h3TsggjyeIqimRF2NW0LOddSWI9dY3Jopimv2JaViUHi5Uug4ezTuB3grvz9tV1XXcDjuAYTiGAC7iCW+hCDzAIeIN3+HA+nW8XXHdmdZ165xDmxm39AOEitm8=</latexit><latexit sha1_base64="VuJU3mRRCA4e6ufiU//UHTKMLgo=">AAACUXicbVDLSsNAFL2Jr9r6dukmWARXJRFBl6IblxWsFZtSJpOJHTKPMDNRSshfuNWfcuWnuHPSBrStFwYO55zLPXOijFFtfP/LcVdW19Y3GpvN1tb2zu7e/sGDlrnCpIclk+oxQpowKkjPUMPIY6YI4hEj/Si9qfT+C1GaSnFvJhkZcvQsaEIxMpZ6Cjky4ygp+uVor+13/Ol4yyCoQRvq6Y72nSCMJc45EQYzpPUg8DMzLJAyFDNSNsNckwzhFD2TgYUCcaKHxTRy6Z1YJvYSqewTxpuyfzcKxLWe8Mg6q4h6UavI/7RBbpLLYUFFlhsi8OxQkjPPSK/6vxdTRbBhEwsQVtRm9fAYKYSNbakZCvKKJedIxEX40h3TsggjyeIqimRF2NW0LOddSWI9dY3Jopimv2JaViUHi5Uug4ezTuB3grvz9tV1XXcDjuAYTiGAC7iCW+hCDzAIeIN3+HA+nW8XXHdmdZ165xDmxm39AOEitm8=</latexit><latexit sha1_base64="VuJU3mRRCA4e6ufiU//UHTKMLgo=">AAACUXicbVDLSsNAFL2Jr9r6dukmWARXJRFBl6IblxWsFZtSJpOJHTKPMDNRSshfuNWfcuWnuHPSBrStFwYO55zLPXOijFFtfP/LcVdW19Y3GpvN1tb2zu7e/sGDlrnCpIclk+oxQpowKkjPUMPIY6YI4hEj/Si9qfT+C1GaSnFvJhkZcvQsaEIxMpZ6Cjky4ygp+uVor+13/Ol4yyCoQRvq6Y72nSCMJc45EQYzpPUg8DMzLJAyFDNSNsNckwzhFD2TgYUCcaKHxTRy6Z1YJvYSqewTxpuyfzcKxLWe8Mg6q4h6UavI/7RBbpLLYUFFlhsi8OxQkjPPSK/6vxdTRbBhEwsQVtRm9fAYKYSNbakZCvKKJedIxEX40h3TsggjyeIqimRF2NW0LOddSWI9dY3Jopimv2JaViUHi5Uug4ezTuB3grvz9tV1XXcDjuAYTiGAC7iCW+hCDzAIeIN3+HA+nW8XXHdmdZ165xDmxm39AOEitm8=</latexit>
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Velocity reconstruction
 x(x,k) = � 1

|k| sin(kxx) cos(kyy)
<latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit>

IDCT

IDST

p
r

<latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit>

p
r

<latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit><latexit sha1_base64="k1Kn/l1ty0aQMZFnU8uFmZJNJxE=">AAACT3icbVDLSgMxAMzWV1tfrR69LBbBU9kVQY9FLx4r2Ad0S8lmszZsHmuSrZSwP+FVf8qjX+JNzNYFbetAYJiZkMmEKSVKe96HU9nY3Nreqdbqu3v7B4eN5lFfiUwi3EOCCjkMocKUcNzTRFM8TCWGLKR4ECa3hT+YYamI4A96nuIxg4+cxARBbaVhoJ6kNjKfNFpe21vAXSd+SVqgRHfSdPwgEihjmGtEoVIj30v12ECpCaI4rweZwilECXzEI0s5ZFiNzaJw7p5ZJXJjIe3h2l2of28YyJSas9AmGdRTteoV4n/eKNPx9dgQnmYac/TzUJxRVwu3+L0bEYmRpnNLIJLEdnXRFEqItN2oHnD8jARjkEcmmHWnJDdBKGhUVBHUBF1F8nw5Fcc2U/QIYxOvmknyayZ5MbK/Ouk66V+0fa/t31+2Ojfl3FVwAk7BOfDBFeiAO9AFPYAABS/gFbw5786n81UpoxWnJMdgCZXaN6iats0=</latexit>



Analytical Basis with DCT

• Memory complexity:

• Time complexity:O(rN3)
<latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit>

O(N3 log(N))
<latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit>
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O(rN3)
<latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit>

O(r)
<latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit>

226  ⇥
<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>

95 ⇥
<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>

128  Grid,  1000 basis functions
3



Dirichlet
 x(x,k) = � 1

|k| sin(kxx) cos(kyy)
<latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit><latexit sha1_base64="2nmX0bA6atBNees3C21YnrsT+H4="></latexit>

 y(x,k) =
1

|k| cos(kxx) sin(kyy)
<latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit><latexit sha1_base64="B8o9CnJ6zIH1WCLOwwuedVwVg7Q="></latexit>

 x|x=0,⇡ = 0
<latexit sha1_base64="b1vEQGhOqGxeTgotp0eu77sbh1M=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5MwM5GWmD9w46+4caGIW7fu/BsnbRbaemCYwzn3cu89fsKoVJb1bSwsLi2vrFbWqusbm1vb5s5uW8apwKSFYxaLro8kYZSTlqKKkW4iCIp8Rjr+8LrwO/dESBrzOzVOiBuhPqchxUhpyTOPHD9mgRxH+sucpqS5N4IPXjaCl9A6gU5C84J5Zs2qWxPAeWKXpAZKND3zywlinEaEK8yQlD3bSpSbIaEoZiSvOqkkCcJD1Cc9TTmKiHSzyT05PNRKAMNY6McVnKi/OzIUyWJlXRkhNZCzXiH+5/VSFV64GeVJqgjH00FhyqCKYREODKggWLGxJggLqneFeIAEwkpHWNUh2LMnz5P2ad226vbtWa1xVcZRAfvgABwDG5yDBrgBTdACGDyCZ/AK3own48V4Nz6mpQtG2bMH/sD4/AESwptX</latexit><latexit sha1_base64="b1vEQGhOqGxeTgotp0eu77sbh1M=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5MwM5GWmD9w46+4caGIW7fu/BsnbRbaemCYwzn3cu89fsKoVJb1bSwsLi2vrFbWqusbm1vb5s5uW8apwKSFYxaLro8kYZSTlqKKkW4iCIp8Rjr+8LrwO/dESBrzOzVOiBuhPqchxUhpyTOPHD9mgRxH+sucpqS5N4IPXjaCl9A6gU5C84J5Zs2qWxPAeWKXpAZKND3zywlinEaEK8yQlD3bSpSbIaEoZiSvOqkkCcJD1Cc9TTmKiHSzyT05PNRKAMNY6McVnKi/OzIUyWJlXRkhNZCzXiH+5/VSFV64GeVJqgjH00FhyqCKYREODKggWLGxJggLqneFeIAEwkpHWNUh2LMnz5P2ad226vbtWa1xVcZRAfvgABwDG5yDBrgBTdACGDyCZ/AK3own48V4Nz6mpQtG2bMH/sD4/AESwptX</latexit><latexit sha1_base64="b1vEQGhOqGxeTgotp0eu77sbh1M=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5MwM5GWmD9w46+4caGIW7fu/BsnbRbaemCYwzn3cu89fsKoVJb1bSwsLi2vrFbWqusbm1vb5s5uW8apwKSFYxaLro8kYZSTlqKKkW4iCIp8Rjr+8LrwO/dESBrzOzVOiBuhPqchxUhpyTOPHD9mgRxH+sucpqS5N4IPXjaCl9A6gU5C84J5Zs2qWxPAeWKXpAZKND3zywlinEaEK8yQlD3bSpSbIaEoZiSvOqkkCcJD1Cc9TTmKiHSzyT05PNRKAMNY6McVnKi/OzIUyWJlXRkhNZCzXiH+5/VSFV64GeVJqgjH00FhyqCKYREODKggWLGxJggLqneFeIAEwkpHWNUh2LMnz5P2ad226vbtWa1xVcZRAfvgABwDG5yDBrgBTdACGDyCZ/AK3own48V4Nz6mpQtG2bMH/sD4/AESwptX</latexit><latexit sha1_base64="b1vEQGhOqGxeTgotp0eu77sbh1M=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5MwM5GWmD9w46+4caGIW7fu/BsnbRbaemCYwzn3cu89fsKoVJb1bSwsLi2vrFbWqusbm1vb5s5uW8apwKSFYxaLro8kYZSTlqKKkW4iCIp8Rjr+8LrwO/dESBrzOzVOiBuhPqchxUhpyTOPHD9mgRxH+sucpqS5N4IPXjaCl9A6gU5C84J5Zs2qWxPAeWKXpAZKND3zywlinEaEK8yQlD3bSpSbIaEoZiSvOqkkCcJD1Cc9TTmKiHSzyT05PNRKAMNY6McVnKi/OzIUyWJlXRkhNZCzXiH+5/VSFV64GeVJqgjH00FhyqCKYREODKggWLGxJggLqneFeIAEwkpHWNUh2LMnz5P2ad226vbtWa1xVcZRAfvgABwDG5yDBrgBTdACGDyCZ/AK3own48V4Nz6mpQtG2bMH/sD4/AESwptX</latexit>

 y|y=0,⇡ = 0
<latexit sha1_base64="y+A29p7xAhgZ5z8wQFLn0EEzOLc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5kwMxFCzB+48VfcuFDErVt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NhYWl5ZXVmtr9fWNza1tc2e3K3kqMOlgzrjo+0gSRmPSUVQx0k8EQZHPSM8fX5d+754ISXl8p7KEuBEaxjSkGCkteeaR43MWyCzSX+60JS28DD54eQYvoXUCnYQWJfPMhtW0JoDzxK5IA1Roe+aXE3CcRiRWmCEpB7aVKDdHQlHMSFF3UkkShMdoSAaaxigi0s0n9xTwUCsBDLnQL1Zwov7uyFEky5V1ZYTUSM56pfifN0hVeOHmNE5SRWI8HRSmDCoOy3BgQAXBimWaICyo3hXiERIIKx1hXYdgz548T7qnTdtq2rdnjdZVFUcN7IMDcAxscA5a4Aa0QQdg8AiewSt4M56MF+Pd+JiWLhhVzx74A+PzBxXrm1k=</latexit><latexit sha1_base64="y+A29p7xAhgZ5z8wQFLn0EEzOLc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5kwMxFCzB+48VfcuFDErVt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NhYWl5ZXVmtr9fWNza1tc2e3K3kqMOlgzrjo+0gSRmPSUVQx0k8EQZHPSM8fX5d+754ISXl8p7KEuBEaxjSkGCkteeaR43MWyCzSX+60JS28DD54eQYvoXUCnYQWJfPMhtW0JoDzxK5IA1Roe+aXE3CcRiRWmCEpB7aVKDdHQlHMSFF3UkkShMdoSAaaxigi0s0n9xTwUCsBDLnQL1Zwov7uyFEky5V1ZYTUSM56pfifN0hVeOHmNE5SRWI8HRSmDCoOy3BgQAXBimWaICyo3hXiERIIKx1hXYdgz548T7qnTdtq2rdnjdZVFUcN7IMDcAxscA5a4Aa0QQdg8AiewSt4M56MF+Pd+JiWLhhVzx74A+PzBxXrm1k=</latexit><latexit sha1_base64="y+A29p7xAhgZ5z8wQFLn0EEzOLc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5kwMxFCzB+48VfcuFDErVt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NhYWl5ZXVmtr9fWNza1tc2e3K3kqMOlgzrjo+0gSRmPSUVQx0k8EQZHPSM8fX5d+754ISXl8p7KEuBEaxjSkGCkteeaR43MWyCzSX+60JS28DD54eQYvoXUCnYQWJfPMhtW0JoDzxK5IA1Roe+aXE3CcRiRWmCEpB7aVKDdHQlHMSFF3UkkShMdoSAaaxigi0s0n9xTwUCsBDLnQL1Zwov7uyFEky5V1ZYTUSM56pfifN0hVeOHmNE5SRWI8HRSmDCoOy3BgQAXBimWaICyo3hXiERIIKx1hXYdgz548T7qnTdtq2rdnjdZVFUcN7IMDcAxscA5a4Aa0QQdg8AiewSt4M56MF+Pd+JiWLhhVzx74A+PzBxXrm1k=</latexit><latexit sha1_base64="y+A29p7xAhgZ5z8wQFLn0EEzOLc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5kwMxFCzB+48VfcuFDErVt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NhYWl5ZXVmtr9fWNza1tc2e3K3kqMOlgzrjo+0gSRmPSUVQx0k8EQZHPSM8fX5d+754ISXl8p7KEuBEaxjSkGCkteeaR43MWyCzSX+60JS28DD54eQYvoXUCnYQWJfPMhtW0JoDzxK5IA1Roe+aXE3CcRiRWmCEpB7aVKDdHQlHMSFF3UkkShMdoSAaaxigi0s0n9xTwUCsBDLnQL1Zwov7uyFEky5V1ZYTUSM56pfifN0hVeOHmNE5SRWI8HRSmDCoOy3BgQAXBimWaICyo3hXiERIIKx1hXYdgz548T7qnTdtq2rdnjdZVFUcN7IMDcAxscA5a4Aa0QQdg8AiewSt4M56MF+Pd+JiWLhhVzx74A+PzBxXrm1k=</latexit>
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y = sin(kxx)

<latexit sha1_base64="f1/kWaE1m0nUfqaGcHjsVK2gpCA=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEI9VISEfQiFL14rGA/oAlhs920SzebsLuRllAv/hUvHhTx6r/w5r9x2+agrQ8GHu/NMDMvSDhT2ra/raXlldW19cJGcXNre2e3tLffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwuJn4rQcqFYvFvR4l1ItwT7CQEayN5JcOR+gKuYqJihth3Q/CbDD2h2h46pfKdtWeAi0SJydlyFH3S19uNyZpRIUmHCvVcexEexmWmhFOx0U3VTTBZIB7tGOowBFVXjb9YIxOjNJFYSxNCY2m6u+JDEdKjaLAdE7OVPPeRPzP66Q6vPQyJpJUU0Fmi8KUIx2jSRyoyyQlmo8MwUQycysifSwx0Sa0ognBmX95kTTPqo5dde7Oy7XrPI4CHMExVMCBC6jBLdShAQQe4Rle4c16sl6sd+tj1rpk5TMH8AfW5w9RQJYo</latexit><latexit sha1_base64="f1/kWaE1m0nUfqaGcHjsVK2gpCA=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEI9VISEfQiFL14rGA/oAlhs920SzebsLuRllAv/hUvHhTx6r/w5r9x2+agrQ8GHu/NMDMvSDhT2ra/raXlldW19cJGcXNre2e3tLffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwuJn4rQcqFYvFvR4l1ItwT7CQEayN5JcOR+gKuYqJihth3Q/CbDD2h2h46pfKdtWeAi0SJydlyFH3S19uNyZpRIUmHCvVcexEexmWmhFOx0U3VTTBZIB7tGOowBFVXjb9YIxOjNJFYSxNCY2m6u+JDEdKjaLAdE7OVPPeRPzP66Q6vPQyJpJUU0Fmi8KUIx2jSRyoyyQlmo8MwUQycysifSwx0Sa0ognBmX95kTTPqo5dde7Oy7XrPI4CHMExVMCBC6jBLdShAQQe4Rle4c16sl6sd+tj1rpk5TMH8AfW5w9RQJYo</latexit><latexit sha1_base64="f1/kWaE1m0nUfqaGcHjsVK2gpCA=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEI9VISEfQiFL14rGA/oAlhs920SzebsLuRllAv/hUvHhTx6r/w5r9x2+agrQ8GHu/NMDMvSDhT2ra/raXlldW19cJGcXNre2e3tLffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwuJn4rQcqFYvFvR4l1ItwT7CQEayN5JcOR+gKuYqJihth3Q/CbDD2h2h46pfKdtWeAi0SJydlyFH3S19uNyZpRIUmHCvVcexEexmWmhFOx0U3VTTBZIB7tGOowBFVXjb9YIxOjNJFYSxNCY2m6u+JDEdKjaLAdE7OVPPeRPzP66Q6vPQyJpJUU0Fmi8KUIx2jSRyoyyQlmo8MwUQycysifSwx0Sa0ognBmX95kTTPqo5dde7Oy7XrPI4CHMExVMCBC6jBLdShAQQe4Rle4c16sl6sd+tj1rpk5TMH8AfW5w9RQJYo</latexit><latexit sha1_base64="f1/kWaE1m0nUfqaGcHjsVK2gpCA=">AAACAXicbVBNS8NAEJ34WetX1YvgZbEI9VISEfQiFL14rGA/oAlhs920SzebsLuRllAv/hUvHhTx6r/w5r9x2+agrQ8GHu/NMDMvSDhT2ra/raXlldW19cJGcXNre2e3tLffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwuJn4rQcqFYvFvR4l1ItwT7CQEayN5JcOR+gKuYqJihth3Q/CbDD2h2h46pfKdtWeAi0SJydlyFH3S19uNyZpRIUmHCvVcexEexmWmhFOx0U3VTTBZIB7tGOowBFVXjb9YIxOjNJFYSxNCY2m6u+JDEdKjaLAdE7OVPPeRPzP66Q6vPQyJpJUU0Fmi8KUIx2jSRyoyyQlmo8MwUQycysifSwx0Sa0ognBmX95kTTPqo5dde7Oy7XrPI4CHMExVMCBC6jBLdShAQQe4Rle4c16sl6sd+tj1rpk5TMH8AfW5w9RQJYo</latexit>
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Extension to Neumann
@ x

@x
|x=0,⇡ = 0

<latexit sha1_base64="eaL2K9uxo+qkmnDt9X0NNbVRczY="></latexit><latexit sha1_base64="eaL2K9uxo+qkmnDt9X0NNbVRczY="></latexit><latexit sha1_base64="eaL2K9uxo+qkmnDt9X0NNbVRczY="></latexit><latexit sha1_base64="eaL2K9uxo+qkmnDt9X0NNbVRczY="></latexit>

y = cos(kxx)
<latexit sha1_base64="Efv8Q+pbxV9rs1sQCTOMKxjiuYk=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBN0IRTcuK9gHNCFMppN26GQmzEykJdSNv+LGhSJu/Qt3/o2TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6HN7nffiBSUcHv9Tghfoz6nEYUI22kwD4cwyvoYaGqXoz0IIyy4SQYwdFpYFecmjMFXCRuQSqgQCOwv7yewGlMuMYMKdV1nUT7GZKaYkYmZS9VJEF4iPqkayhHMVF+Nv1gAk+M0oORkKa4hlP190SGYqXGcWg68zPVvJeL/3ndVEeXfkZ5kmrC8WxRlDKoBczjgD0qCdZsbAjCkppbIR4gibA2oZVNCO78y4ukdVZznZp7d16pXxdxlMAROAZV4IILUAe3oAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz9JQpYj</latexit><latexit sha1_base64="Efv8Q+pbxV9rs1sQCTOMKxjiuYk=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBN0IRTcuK9gHNCFMppN26GQmzEykJdSNv+LGhSJu/Qt3/o2TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6HN7nffiBSUcHv9Tghfoz6nEYUI22kwD4cwyvoYaGqXoz0IIyy4SQYwdFpYFecmjMFXCRuQSqgQCOwv7yewGlMuMYMKdV1nUT7GZKaYkYmZS9VJEF4iPqkayhHMVF+Nv1gAk+M0oORkKa4hlP190SGYqXGcWg68zPVvJeL/3ndVEeXfkZ5kmrC8WxRlDKoBczjgD0qCdZsbAjCkppbIR4gibA2oZVNCO78y4ukdVZznZp7d16pXxdxlMAROAZV4IILUAe3oAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz9JQpYj</latexit><latexit sha1_base64="Efv8Q+pbxV9rs1sQCTOMKxjiuYk=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBN0IRTcuK9gHNCFMppN26GQmzEykJdSNv+LGhSJu/Qt3/o2TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6HN7nffiBSUcHv9Tghfoz6nEYUI22kwD4cwyvoYaGqXoz0IIyy4SQYwdFpYFecmjMFXCRuQSqgQCOwv7yewGlMuMYMKdV1nUT7GZKaYkYmZS9VJEF4iPqkayhHMVF+Nv1gAk+M0oORkKa4hlP190SGYqXGcWg68zPVvJeL/3ndVEeXfkZ5kmrC8WxRlDKoBczjgD0qCdZsbAjCkppbIR4gibA2oZVNCO78y4ukdVZznZp7d16pXxdxlMAROAZV4IILUAe3oAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz9JQpYj</latexit><latexit sha1_base64="Efv8Q+pbxV9rs1sQCTOMKxjiuYk=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxC3ZREBN0IRTcuK9gHNCFMppN26GQmzEykJdSNv+LGhSJu/Qt3/o2TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUiKVmDSxYEJ2QqQIo5w0NdWMdBJJUBwy0g6HN7nffiBSUcHv9Tghfoz6nEYUI22kwD4cwyvoYaGqXoz0IIyy4SQYwdFpYFecmjMFXCRuQSqgQCOwv7yewGlMuMYMKdV1nUT7GZKaYkYmZS9VJEF4iPqkayhHMVF+Nv1gAk+M0oORkKa4hlP190SGYqXGcWg68zPVvJeL/3ndVEeXfkZ5kmrC8WxRlDKoBczjgD0qCdZsbAjCkppbIR4gibA2oZVNCO78y4ukdVZznZp7d16pXxdxlMAROAZV4IILUAe3oAGaAINH8AxewZv1ZL1Y79bHrHXJKmYOwB9Ynz9JQpYj</latexit>
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Extension to Neumann
@ x

@x
|x=0,⇡ = 0

<latexit sha1_base64="eaL2K9uxo+qkmnDt9X0NNbVRczY="></latexit><latexit sha1_base64="eaL2K9uxo+qkmnDt9X0NNbVRczY="></latexit><latexit sha1_base64="eaL2K9uxo+qkmnDt9X0NNbVRczY="></latexit><latexit sha1_base64="eaL2K9uxo+qkmnDt9X0NNbVRczY="></latexit>

 y|y=0,⇡ = 0
<latexit sha1_base64="y+A29p7xAhgZ5z8wQFLn0EEzOLc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5kwMxFCzB+48VfcuFDErVt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NhYWl5ZXVmtr9fWNza1tc2e3K3kqMOlgzrjo+0gSRmPSUVQx0k8EQZHPSM8fX5d+754ISXl8p7KEuBEaxjSkGCkteeaR43MWyCzSX+60JS28DD54eQYvoXUCnYQWJfPMhtW0JoDzxK5IA1Roe+aXE3CcRiRWmCEpB7aVKDdHQlHMSFF3UkkShMdoSAaaxigi0s0n9xTwUCsBDLnQL1Zwov7uyFEky5V1ZYTUSM56pfifN0hVeOHmNE5SRWI8HRSmDCoOy3BgQAXBimWaICyo3hXiERIIKx1hXYdgz548T7qnTdtq2rdnjdZVFUcN7IMDcAxscA5a4Aa0QQdg8AiewSt4M56MF+Pd+JiWLhhVzx74A+PzBxXrm1k=</latexit><latexit sha1_base64="y+A29p7xAhgZ5z8wQFLn0EEzOLc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5kwMxFCzB+48VfcuFDErVt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NhYWl5ZXVmtr9fWNza1tc2e3K3kqMOlgzrjo+0gSRmPSUVQx0k8EQZHPSM8fX5d+754ISXl8p7KEuBEaxjSkGCkteeaR43MWyCzSX+60JS28DD54eQYvoXUCnYQWJfPMhtW0JoDzxK5IA1Roe+aXE3CcRiRWmCEpB7aVKDdHQlHMSFF3UkkShMdoSAaaxigi0s0n9xTwUCsBDLnQL1Zwov7uyFEky5V1ZYTUSM56pfifN0hVeOHmNE5SRWI8HRSmDCoOy3BgQAXBimWaICyo3hXiERIIKx1hXYdgz548T7qnTdtq2rdnjdZVFUcN7IMDcAxscA5a4Aa0QQdg8AiewSt4M56MF+Pd+JiWLhhVzx74A+PzBxXrm1k=</latexit><latexit sha1_base64="y+A29p7xAhgZ5z8wQFLn0EEzOLc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5kwMxFCzB+48VfcuFDErVt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NhYWl5ZXVmtr9fWNza1tc2e3K3kqMOlgzrjo+0gSRmPSUVQx0k8EQZHPSM8fX5d+754ISXl8p7KEuBEaxjSkGCkteeaR43MWyCzSX+60JS28DD54eQYvoXUCnYQWJfPMhtW0JoDzxK5IA1Roe+aXE3CcRiRWmCEpB7aVKDdHQlHMSFF3UkkShMdoSAaaxigi0s0n9xTwUCsBDLnQL1Zwov7uyFEky5V1ZYTUSM56pfifN0hVeOHmNE5SRWI8HRSmDCoOy3BgQAXBimWaICyo3hXiERIIKx1hXYdgz548T7qnTdtq2rdnjdZVFUcN7IMDcAxscA5a4Aa0QQdg8AiewSt4M56MF+Pd+JiWLhhVzx74A+PzBxXrm1k=</latexit><latexit sha1_base64="y+A29p7xAhgZ5z8wQFLn0EEzOLc=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgupCQi6EYounFZwT6gCWEymbRDJ5kwMxFCzB+48VfcuFDErVt3/o2TNgttPTDM4Zx7ufceP2FUKsv6NhYWl5ZXVmtr9fWNza1tc2e3K3kqMOlgzrjo+0gSRmPSUVQx0k8EQZHPSM8fX5d+754ISXl8p7KEuBEaxjSkGCkteeaR43MWyCzSX+60JS28DD54eQYvoXUCnYQWJfPMhtW0JoDzxK5IA1Roe+aXE3CcRiRWmCEpB7aVKDdHQlHMSFF3UkkShMdoSAaaxigi0s0n9xTwUCsBDLnQL1Zwov7uyFEky5V1ZYTUSM56pfifN0hVeOHmNE5SRWI8HRSmDCoOy3BgQAXBimWaICyo3hXiERIIKx1hXYdgz548T7qnTdtq2rdnjdZVFUcN7IMDcAxscA5a4Aa0QQdg8AiewSt4M56MF+Pd+JiWLhhVzx74A+PzBxXrm1k=</latexit>

 x(x,k) =
<latexit sha1_base64="CFLE4Cc1e0T+nVC3oPphnFHbT+w=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoICERQTdC0Y3LCvYBTQiTyaQdOnkwM5GWkL9w46+4caGIW935N07aCNp6YZjDOfdyzz1ewqiQpvmlVZaWV1bXquu1jc2t7R19d68j4pRj0sYxi3nPQ4IwGpG2pJKRXsIJCj1Gut7outC794QLGkd3cpIQJ0SDiAYUI6koVzdsL2a+mITqy+yWoLk7btghkkMvyMb5CfzBo/wYXkJXr5uGOS24CKwS1EFZLVf/tP0YpyGJJGZIiL5lJtLJEJcUM5LX7FSQBOERGpC+ghEKiXCy6V05PFKMD4OYqxdJOGV/T2QoFIV11Vm4FPNaQf6n9VMZXDgZjZJUkgjPFgUpgzKGRUjQp5xgySYKIMyp8grxEHGEpYqypkKw5k9eBJ1TwzIN6/as3rwq46iCA3AIGsAC56AJbkALtAEGD+AJvIBX7VF71t6091lrRStn9sGf0j6+AUJ3n+o=</latexit><latexit sha1_base64="CFLE4Cc1e0T+nVC3oPphnFHbT+w=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoICERQTdC0Y3LCvYBTQiTyaQdOnkwM5GWkL9w46+4caGIW935N07aCNp6YZjDOfdyzz1ewqiQpvmlVZaWV1bXquu1jc2t7R19d68j4pRj0sYxi3nPQ4IwGpG2pJKRXsIJCj1Gut7outC794QLGkd3cpIQJ0SDiAYUI6koVzdsL2a+mITqy+yWoLk7btghkkMvyMb5CfzBo/wYXkJXr5uGOS24CKwS1EFZLVf/tP0YpyGJJGZIiL5lJtLJEJcUM5LX7FSQBOERGpC+ghEKiXCy6V05PFKMD4OYqxdJOGV/T2QoFIV11Vm4FPNaQf6n9VMZXDgZjZJUkgjPFgUpgzKGRUjQp5xgySYKIMyp8grxEHGEpYqypkKw5k9eBJ1TwzIN6/as3rwq46iCA3AIGsAC56AJbkALtAEGD+AJvIBX7VF71t6091lrRStn9sGf0j6+AUJ3n+o=</latexit><latexit sha1_base64="CFLE4Cc1e0T+nVC3oPphnFHbT+w=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoICERQTdC0Y3LCvYBTQiTyaQdOnkwM5GWkL9w46+4caGIW935N07aCNp6YZjDOfdyzz1ewqiQpvmlVZaWV1bXquu1jc2t7R19d68j4pRj0sYxi3nPQ4IwGpG2pJKRXsIJCj1Gut7outC794QLGkd3cpIQJ0SDiAYUI6koVzdsL2a+mITqy+yWoLk7btghkkMvyMb5CfzBo/wYXkJXr5uGOS24CKwS1EFZLVf/tP0YpyGJJGZIiL5lJtLJEJcUM5LX7FSQBOERGpC+ghEKiXCy6V05PFKMD4OYqxdJOGV/T2QoFIV11Vm4FPNaQf6n9VMZXDgZjZJUkgjPFgUpgzKGRUjQp5xgySYKIMyp8grxEHGEpYqypkKw5k9eBJ1TwzIN6/as3rwq46iCA3AIGsAC56AJbkALtAEGD+AJvIBX7VF71t6091lrRStn9sGf0j6+AUJ3n+o=</latexit><latexit sha1_base64="CFLE4Cc1e0T+nVC3oPphnFHbT+w=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoICERQTdC0Y3LCvYBTQiTyaQdOnkwM5GWkL9w46+4caGIW935N07aCNp6YZjDOfdyzz1ewqiQpvmlVZaWV1bXquu1jc2t7R19d68j4pRj0sYxi3nPQ4IwGpG2pJKRXsIJCj1Gut7outC794QLGkd3cpIQJ0SDiAYUI6koVzdsL2a+mITqy+yWoLk7btghkkMvyMb5CfzBo/wYXkJXr5uGOS24CKwS1EFZLVf/tP0YpyGJJGZIiL5lJtLJEJcUM5LX7FSQBOERGpC+ghEKiXCy6V05PFKMD4OYqxdJOGV/T2QoFIV11Vm4FPNaQf6n9VMZXDgZjZJUkgjPFgUpgzKGRUjQp5xgySYKIMyp8grxEHGEpYqypkKw5k9eBJ1TwzIN6/as3rwq46iCA3AIGsAC56AJbkALtAEGD+AJvIBX7VF71t6091lrRStn9sGf0j6+AUJ3n+o=</latexit>

 y(x,k) =
<latexit sha1_base64="4ac22qWRtxf9Jyq/M+2F7bXFpb0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgVJCQi6EYounFZwT6gCWEymbRDJw9mJmII+Qs3/oobF4q41Z1/46SNoK0Xhjmccy/33OMljAppml/awuLS8spqba2+vrG5ta3v7HZFnHJMOjhmMe97SBBGI9KRVDLSTzhBocdIzxtflXrvjnBB4+hWZglxQjSMaEAxkopydcP2YuaLLFRfbrcFLdysaYdIjrwgvy+O4Q8eF0fwArp6wzTMScF5YFWgAapqu/qn7cc4DUkkMUNCDCwzkU6OuKSYkaJup4IkCI/RkAwUjFBIhJNP7irgoWJ8GMRcvUjCCft7IkehKK2rztKlmNVK8j9tkMrg3MlplKSSRHi6KEgZlDEsQ4I+5QRLlimAMKfKK8QjxBGWKsq6CsGaPXkedE8MyzSsm9NG67KKowb2wQFoAgucgRa4Bm3QARg8gCfwAl61R+1Ze9Pep60LWjWzB/6U9vENRBaf6w==</latexit><latexit sha1_base64="4ac22qWRtxf9Jyq/M+2F7bXFpb0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgVJCQi6EYounFZwT6gCWEymbRDJw9mJmII+Qs3/oobF4q41Z1/46SNoK0Xhjmccy/33OMljAppml/awuLS8spqba2+vrG5ta3v7HZFnHJMOjhmMe97SBBGI9KRVDLSTzhBocdIzxtflXrvjnBB4+hWZglxQjSMaEAxkopydcP2YuaLLFRfbrcFLdysaYdIjrwgvy+O4Q8eF0fwArp6wzTMScF5YFWgAapqu/qn7cc4DUkkMUNCDCwzkU6OuKSYkaJup4IkCI/RkAwUjFBIhJNP7irgoWJ8GMRcvUjCCft7IkehKK2rztKlmNVK8j9tkMrg3MlplKSSRHi6KEgZlDEsQ4I+5QRLlimAMKfKK8QjxBGWKsq6CsGaPXkedE8MyzSsm9NG67KKowb2wQFoAgucgRa4Bm3QARg8gCfwAl61R+1Ze9Pep60LWjWzB/6U9vENRBaf6w==</latexit><latexit sha1_base64="4ac22qWRtxf9Jyq/M+2F7bXFpb0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgVJCQi6EYounFZwT6gCWEymbRDJw9mJmII+Qs3/oobF4q41Z1/46SNoK0Xhjmccy/33OMljAppml/awuLS8spqba2+vrG5ta3v7HZFnHJMOjhmMe97SBBGI9KRVDLSTzhBocdIzxtflXrvjnBB4+hWZglxQjSMaEAxkopydcP2YuaLLFRfbrcFLdysaYdIjrwgvy+O4Q8eF0fwArp6wzTMScF5YFWgAapqu/qn7cc4DUkkMUNCDCwzkU6OuKSYkaJup4IkCI/RkAwUjFBIhJNP7irgoWJ8GMRcvUjCCft7IkehKK2rztKlmNVK8j9tkMrg3MlplKSSRHi6KEgZlDEsQ4I+5QRLlimAMKfKK8QjxBGWKsq6CsGaPXkedE8MyzSsm9NG67KKowb2wQFoAgucgRa4Bm3QARg8gCfwAl61R+1Ze9Pep60LWjWzB/6U9vENRBaf6w==</latexit><latexit sha1_base64="4ac22qWRtxf9Jyq/M+2F7bXFpb0=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgVJCQi6EYounFZwT6gCWEymbRDJw9mJmII+Qs3/oobF4q41Z1/46SNoK0Xhjmccy/33OMljAppml/awuLS8spqba2+vrG5ta3v7HZFnHJMOjhmMe97SBBGI9KRVDLSTzhBocdIzxtflXrvjnBB4+hWZglxQjSMaEAxkopydcP2YuaLLFRfbrcFLdysaYdIjrwgvy+O4Q8eF0fwArp6wzTMScF5YFWgAapqu/qn7cc4DUkkMUNCDCwzkU6OuKSYkaJup4IkCI/RkAwUjFBIhJNP7irgoWJ8GMRcvUjCCft7IkehKK2rztKlmNVK8j9tkMrg3MlplKSSRHi6KEgZlDEsQ4I+5QRLlimAMKfKK8QjxBGWKsq6CsGaPXkedE8MyzSsm9NG67KKowb2wQFoAgucgRa4Bm3QARg8gCfwAl61R+1Ze9Pep60LWjWzB/6U9vENRBaf6w==</latexit>

cos(kxx)
<latexit sha1_base64="WBKKKf2wvbUyakE33XVJUafhsBs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXRZdOOygn1AZxgyaaYNzSRDkpHWofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKK6tr6xvlzcrW9s7unr1/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJRze533kgUlHB7/UkIX6MBpxGFCNtpMA+8rBQNS9GehhG2WgajOH4LLCrTt2ZAS4TtyBVUKAZ2F9eX+A0JlxjhpTquU6i/QxJTTEj04qXKpIgPEID0jOUo5goP5uln8JTo/RhJKR5XMOZ+nsjQ7FSkzg0k3lMtejl4n9eL9XRlZ9RnqSacDw/FKUMagHzKmCfSoI1mxiCsKQmK8RDJBHWprCKKcFd/PIyaZ/XXafu3l1UG9dFHWVwDE5ADbjgEjTALWiCFsDgETyDV/BmPVkv1rv1MR8tWcXOIfgD6/MHKnyVBQ==</latexit><latexit sha1_base64="WBKKKf2wvbUyakE33XVJUafhsBs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXRZdOOygn1AZxgyaaYNzSRDkpHWofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKK6tr6xvlzcrW9s7unr1/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJRze533kgUlHB7/UkIX6MBpxGFCNtpMA+8rBQNS9GehhG2WgajOH4LLCrTt2ZAS4TtyBVUKAZ2F9eX+A0JlxjhpTquU6i/QxJTTEj04qXKpIgPEID0jOUo5goP5uln8JTo/RhJKR5XMOZ+nsjQ7FSkzg0k3lMtejl4n9eL9XRlZ9RnqSacDw/FKUMagHzKmCfSoI1mxiCsKQmK8RDJBHWprCKKcFd/PIyaZ/XXafu3l1UG9dFHWVwDE5ADbjgEjTALWiCFsDgETyDV/BmPVkv1rv1MR8tWcXOIfgD6/MHKnyVBQ==</latexit><latexit sha1_base64="WBKKKf2wvbUyakE33XVJUafhsBs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXRZdOOygn1AZxgyaaYNzSRDkpHWofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKK6tr6xvlzcrW9s7unr1/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJRze533kgUlHB7/UkIX6MBpxGFCNtpMA+8rBQNS9GehhG2WgajOH4LLCrTt2ZAS4TtyBVUKAZ2F9eX+A0JlxjhpTquU6i/QxJTTEj04qXKpIgPEID0jOUo5goP5uln8JTo/RhJKR5XMOZ+nsjQ7FSkzg0k3lMtejl4n9eL9XRlZ9RnqSacDw/FKUMagHzKmCfSoI1mxiCsKQmK8RDJBHWprCKKcFd/PIyaZ/XXafu3l1UG9dFHWVwDE5ADbjgEjTALWiCFsDgETyDV/BmPVkv1rv1MR8tWcXOIfgD6/MHKnyVBQ==</latexit><latexit sha1_base64="WBKKKf2wvbUyakE33XVJUafhsBs=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXRZdOOygn1AZxgyaaYNzSRDkpHWofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKK6tr6xvlzcrW9s7unr1/0FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJRze533kgUlHB7/UkIX6MBpxGFCNtpMA+8rBQNS9GehhG2WgajOH4LLCrTt2ZAS4TtyBVUKAZ2F9eX+A0JlxjhpTquU6i/QxJTTEj04qXKpIgPEID0jOUo5goP5uln8JTo/RhJKR5XMOZ+nsjQ7FSkzg0k3lMtejl4n9eL9XRlZ9RnqSacDw/FKUMagHzKmCfSoI1mxiCsKQmK8RDJBHWprCKKcFd/PIyaZ/XXafu3l1UG9dFHWVwDE5ADbjgEjTALWiCFsDgETyDV/BmPVkv1rv1MR8tWcXOIfgD6/MHKnyVBQ==</latexit>

sin(kyy)
<latexit sha1_base64="hKqYmjGFE7zCjhn7rJ95itNfsC8=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJCLosunFZwT6gKWUynbRDJ5MwMxFiKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh9zprTjfFulldW19Y3yZmVre2d3z94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9zkfueBSsUica/TmPZDPBIsYARrIw3sI08xUfNCrMd+kE2mgxSlZwO76tSdGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/DUjPC6bTiJYrGmEzwiPYMFTikqp/N0k/RqVGGKIikeUKjmfp7I8OhUmnom8k8plr0cvE/r5fo4KqfMREnmgoyPxQkHOkI5VWgIZOUaJ4agolkJisiYywx0aawiinBXfzyMmmf112n7t5dVBvXRR1lOIYTqIELl9CAW2hCCwg8wjO8wpv1ZL1Y79bHfLRkFTuH8AfW5w81hpUM</latexit><latexit sha1_base64="hKqYmjGFE7zCjhn7rJ95itNfsC8=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJCLosunFZwT6gKWUynbRDJ5MwMxFiKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh9zprTjfFulldW19Y3yZmVre2d3z94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9zkfueBSsUica/TmPZDPBIsYARrIw3sI08xUfNCrMd+kE2mgxSlZwO76tSdGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/DUjPC6bTiJYrGmEzwiPYMFTikqp/N0k/RqVGGKIikeUKjmfp7I8OhUmnom8k8plr0cvE/r5fo4KqfMREnmgoyPxQkHOkI5VWgIZOUaJ4agolkJisiYywx0aawiinBXfzyMmmf112n7t5dVBvXRR1lOIYTqIELl9CAW2hCCwg8wjO8wpv1ZL1Y79bHfLRkFTuH8AfW5w81hpUM</latexit><latexit sha1_base64="hKqYmjGFE7zCjhn7rJ95itNfsC8=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJCLosunFZwT6gKWUynbRDJ5MwMxFiKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh9zprTjfFulldW19Y3yZmVre2d3z94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9zkfueBSsUica/TmPZDPBIsYARrIw3sI08xUfNCrMd+kE2mgxSlZwO76tSdGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/DUjPC6bTiJYrGmEzwiPYMFTikqp/N0k/RqVGGKIikeUKjmfp7I8OhUmnom8k8plr0cvE/r5fo4KqfMREnmgoyPxQkHOkI5VWgIZOUaJ4agolkJisiYywx0aawiinBXfzyMmmf112n7t5dVBvXRR1lOIYTqIELl9CAW2hCCwg8wjO8wpv1ZL1Y79bHfLRkFTuH8AfW5w81hpUM</latexit><latexit sha1_base64="hKqYmjGFE7zCjhn7rJ95itNfsC8=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJCLosunFZwT6gKWUynbRDJ5MwMxFiKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh9zprTjfFulldW19Y3yZmVre2d3z94/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn9zkfueBSsUica/TmPZDPBIsYARrIw3sI08xUfNCrMd+kE2mgxSlZwO76tSdGdAycQtShQLNgf3lDSOShFRowrFSPdeJdT/DUjPC6bTiJYrGmEzwiPYMFTikqp/N0k/RqVGGKIikeUKjmfp7I8OhUmnom8k8plr0cvE/r5fo4KqfMREnmgoyPxQkHOkI5VWgIZOUaJ4agolkJisiYywx0aawiinBXfzyMmmf112n7t5dVBvXRR1lOIYTqIELl9CAW2hCCwg8wjO8wpv1ZL1Y79bHfLRkFTuH8AfW5w81hpUM</latexit>

cos(kyy)
<latexit sha1_base64="biH2iopI4qhHMgwudQPgRZ6D/tI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0W3bisYB/QhDCZTtqhk5kwMxFiKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnTpgwqrTjfFuVldW19Y3qZm1re2d3z94/6CqRSkw6WDAh+yFShFFOOppqRvqJJCgOGemFk5vC7z0Qqajg9zpLiB+jEacRxUgbKbCPPCxUw4uRHodRPpkGGczOArvuNJ0Z4DJxS1IHJdqB/eUNBU5jwjVmSKmB6yTaz5HUFDMyrXmpIgnCEzQiA0M5iony81n6KTw1yhBGQprHNZypvzdyFCuVxaGZLGKqRa8Q//MGqY6u/JzyJNWE4/mhKGVQC1hUAYdUEqxZZgjCkpqsEI+RRFibwmqmBHfxy8uke950naZ7d1FvXZd1VMExOAEN4IJL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTuH4A+szx8tiJUH</latexit><latexit sha1_base64="biH2iopI4qhHMgwudQPgRZ6D/tI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0W3bisYB/QhDCZTtqhk5kwMxFiKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnTpgwqrTjfFuVldW19Y3qZm1re2d3z94/6CqRSkw6WDAh+yFShFFOOppqRvqJJCgOGemFk5vC7z0Qqajg9zpLiB+jEacRxUgbKbCPPCxUw4uRHodRPpkGGczOArvuNJ0Z4DJxS1IHJdqB/eUNBU5jwjVmSKmB6yTaz5HUFDMyrXmpIgnCEzQiA0M5iony81n6KTw1yhBGQprHNZypvzdyFCuVxaGZLGKqRa8Q//MGqY6u/JzyJNWE4/mhKGVQC1hUAYdUEqxZZgjCkpqsEI+RRFibwmqmBHfxy8uke950naZ7d1FvXZd1VMExOAEN4IJL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTuH4A+szx8tiJUH</latexit><latexit sha1_base64="biH2iopI4qhHMgwudQPgRZ6D/tI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0W3bisYB/QhDCZTtqhk5kwMxFiKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnTpgwqrTjfFuVldW19Y3qZm1re2d3z94/6CqRSkw6WDAh+yFShFFOOppqRvqJJCgOGemFk5vC7z0Qqajg9zpLiB+jEacRxUgbKbCPPCxUw4uRHodRPpkGGczOArvuNJ0Z4DJxS1IHJdqB/eUNBU5jwjVmSKmB6yTaz5HUFDMyrXmpIgnCEzQiA0M5iony81n6KTw1yhBGQprHNZypvzdyFCuVxaGZLGKqRa8Q//MGqY6u/JzyJNWE4/mhKGVQC1hUAYdUEqxZZgjCkpqsEI+RRFibwmqmBHfxy8uke950naZ7d1FvXZd1VMExOAEN4IJL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTuH4A+szx8tiJUH</latexit><latexit sha1_base64="biH2iopI4qhHMgwudQPgRZ6D/tI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREBF0W3bisYB/QhDCZTtqhk5kwMxFiKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnTpgwqrTjfFuVldW19Y3qZm1re2d3z94/6CqRSkw6WDAh+yFShFFOOppqRvqJJCgOGemFk5vC7z0Qqajg9zpLiB+jEacRxUgbKbCPPCxUw4uRHodRPpkGGczOArvuNJ0Z4DJxS1IHJdqB/eUNBU5jwjVmSKmB6yTaz5HUFDMyrXmpIgnCEzQiA0M5iony81n6KTw1yhBGQprHNZypvzdyFCuVxaGZLGKqRa8Q//MGqY6u/JzyJNWE4/mhKGVQC1hUAYdUEqxZZgjCkpqsEI+RRFibwmqmBHfxy8uke950naZ7d1FvXZd1VMExOAEN4IJL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTuH4A+szx8tiJUH</latexit>

sin(kxx)
<latexit sha1_base64="IYntYESGV6N+Jj2b9HEJRCrz9Ac=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJCLosunFZwT6gDWUynbRDJ5MwM5HWUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHD/mTGnH+bYKK6tr6xvFzdLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7rJ/NYDlYpF4l5PYuqFeCBYwAjWRurZR13FRKUbYj30g3Q07Y3R+Kxnl52qMwNaJm5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ2WuomiMSYjPKAdQwUOqfLSWfopOjVKHwWRNE9oNFN/b6Q4VGoS+mYyi6kWvUz8z+skOrjyUibiRFNB5oeChCMdoawK1GeSEs0nhmAimcmKyBBLTLQprGRKcBe/vEya51XXqbp3F+XadV5HEY7hBCrgwiXU4Bbq0AACj/AMr/BmPVkv1rv1MR8tWPnOIfyB9fkDMnqVCg==</latexit><latexit sha1_base64="IYntYESGV6N+Jj2b9HEJRCrz9Ac=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJCLosunFZwT6gDWUynbRDJ5MwM5HWUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHD/mTGnH+bYKK6tr6xvFzdLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7rJ/NYDlYpF4l5PYuqFeCBYwAjWRurZR13FRKUbYj30g3Q07Y3R+Kxnl52qMwNaJm5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ2WuomiMSYjPKAdQwUOqfLSWfopOjVKHwWRNE9oNFN/b6Q4VGoS+mYyi6kWvUz8z+skOrjyUibiRFNB5oeChCMdoawK1GeSEs0nhmAimcmKyBBLTLQprGRKcBe/vEya51XXqbp3F+XadV5HEY7hBCrgwiXU4Bbq0AACj/AMr/BmPVkv1rv1MR8tWPnOIfyB9fkDMnqVCg==</latexit><latexit sha1_base64="IYntYESGV6N+Jj2b9HEJRCrz9Ac=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJCLosunFZwT6gDWUynbRDJ5MwM5HWUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHD/mTGnH+bYKK6tr6xvFzdLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7rJ/NYDlYpF4l5PYuqFeCBYwAjWRurZR13FRKUbYj30g3Q07Y3R+Kxnl52qMwNaJm5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ2WuomiMSYjPKAdQwUOqfLSWfopOjVKHwWRNE9oNFN/b6Q4VGoS+mYyi6kWvUz8z+skOrjyUibiRFNB5oeChCMdoawK1GeSEs0nhmAimcmKyBBLTLQprGRKcBe/vEya51XXqbp3F+XadV5HEY7hBCrgwiXU4Bbq0AACj/AMr/BmPVkv1rv1MR8tWPnOIfyB9fkDMnqVCg==</latexit><latexit sha1_base64="IYntYESGV6N+Jj2b9HEJRCrz9Ac=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEuimJCLosunFZwT6gDWUynbRDJ5MwM5HWUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPHD/mTGnH+bYKK6tr6xvFzdLW9s7unr1/0FRRIgltkIhHsu1jRTkTtKGZ5rQdS4pDn9OWP7rJ/NYDlYpF4l5PYuqFeCBYwAjWRurZR13FRKUbYj30g3Q07Y3R+Kxnl52qMwNaJm5OypCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ2WuomiMSYjPKAdQwUOqfLSWfopOjVKHwWRNE9oNFN/b6Q4VGoS+mYyi6kWvUz8z+skOrjyUibiRFNB5oeChCMdoawK1GeSEs0nhmAimcmKyBBLTLQprGRKcBe/vEya51XXqbp3F+XadV5HEY7hBCrgwiXU4Bbq0AACj/AMr/BmPVkv1rv1MR8tWPnOIfyB9fkDMnqVCg==</latexit>

1

|k|
<latexit sha1_base64="9K/1CRudtfVx217jxMXLEYGu2ik=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJkJJs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFt4XceqVQsFg96klA/wkPBQkawNlLfPvZCiUnm5tnUi7AeBWE2zqd53645dWcGtEzcktSgRLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjjNq16qaILJGA9pz1CBI6r8bJY/R2dGGaAwluYJjWbq740MR0pNosBMFhnVoleI/3m9VIfXfsZEkmoqyPxQmHKkY1SUgQZMUqL5xBBMJDNZERlhU4g2lVVNCe7il5dJ+6LuOnX3/rLWuCnrqMAJnMI5uHAFDbiDJrSAwBSe4RXerCfrxXq3PuajK1a5cwR/YH3+ABgslsk=</latexit><latexit sha1_base64="9K/1CRudtfVx217jxMXLEYGu2ik=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJkJJs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFt4XceqVQsFg96klA/wkPBQkawNlLfPvZCiUnm5tnUi7AeBWE2zqd53645dWcGtEzcktSgRLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjjNq16qaILJGA9pz1CBI6r8bJY/R2dGGaAwluYJjWbq740MR0pNosBMFhnVoleI/3m9VIfXfsZEkmoqyPxQmHKkY1SUgQZMUqL5xBBMJDNZERlhU4g2lVVNCe7il5dJ+6LuOnX3/rLWuCnrqMAJnMI5uHAFDbiDJrSAwBSe4RXerCfrxXq3PuajK1a5cwR/YH3+ABgslsk=</latexit><latexit sha1_base64="9K/1CRudtfVx217jxMXLEYGu2ik=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJkJJs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFt4XceqVQsFg96klA/wkPBQkawNlLfPvZCiUnm5tnUi7AeBWE2zqd53645dWcGtEzcktSgRLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjjNq16qaILJGA9pz1CBI6r8bJY/R2dGGaAwluYJjWbq740MR0pNosBMFhnVoleI/3m9VIfXfsZEkmoqyPxQmHKkY1SUgQZMUqL5xBBMJDNZERlhU4g2lVVNCe7il5dJ+6LuOnX3/rLWuCnrqMAJnMI5uHAFDbiDJrSAwBSe4RXerCfrxXq3PuajK1a5cwR/YH3+ABgslsk=</latexit><latexit sha1_base64="9K/1CRudtfVx217jxMXLEYGu2ik=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJkJJs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFt4XceqVQsFg96klA/wkPBQkawNlLfPvZCiUnm5tnUi7AeBWE2zqd53645dWcGtEzcktSgRLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjjNq16qaILJGA9pz1CBI6r8bJY/R2dGGaAwluYJjWbq740MR0pNosBMFhnVoleI/3m9VIfXfsZEkmoqyPxQmHKkY1SUgQZMUqL5xBBMJDNZERlhU4g2lVVNCe7il5dJ+6LuOnX3/rLWuCnrqMAJnMI5uHAFDbiDJrSAwBSe4RXerCfrxXq3PuajK1a5cwR/YH3+ABgslsk=</latexit>

1

|k|
<latexit sha1_base64="9K/1CRudtfVx217jxMXLEYGu2ik=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJkJJs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFt4XceqVQsFg96klA/wkPBQkawNlLfPvZCiUnm5tnUi7AeBWE2zqd53645dWcGtEzcktSgRLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjjNq16qaILJGA9pz1CBI6r8bJY/R2dGGaAwluYJjWbq740MR0pNosBMFhnVoleI/3m9VIfXfsZEkmoqyPxQmHKkY1SUgQZMUqL5xBBMJDNZERlhU4g2lVVNCe7il5dJ+6LuOnX3/rLWuCnrqMAJnMI5uHAFDbiDJrSAwBSe4RXerCfrxXq3PuajK1a5cwR/YH3+ABgslsk=</latexit><latexit sha1_base64="9K/1CRudtfVx217jxMXLEYGu2ik=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJkJJs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFt4XceqVQsFg96klA/wkPBQkawNlLfPvZCiUnm5tnUi7AeBWE2zqd53645dWcGtEzcktSgRLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjjNq16qaILJGA9pz1CBI6r8bJY/R2dGGaAwluYJjWbq740MR0pNosBMFhnVoleI/3m9VIfXfsZEkmoqyPxQmHKkY1SUgQZMUqL5xBBMJDNZERlhU4g2lVVNCe7il5dJ+6LuOnX3/rLWuCnrqMAJnMI5uHAFDbiDJrSAwBSe4RXerCfrxXq3PuajK1a5cwR/YH3+ABgslsk=</latexit><latexit sha1_base64="9K/1CRudtfVx217jxMXLEYGu2ik=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJkJJs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFt4XceqVQsFg96klA/wkPBQkawNlLfPvZCiUnm5tnUi7AeBWE2zqd53645dWcGtEzcktSgRLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjjNq16qaILJGA9pz1CBI6r8bJY/R2dGGaAwluYJjWbq740MR0pNosBMFhnVoleI/3m9VIfXfsZEkmoqyPxQmHKkY1SUgQZMUqL5xBBMJDNZERlhU4g2lVVNCe7il5dJ+6LuOnX3/rLWuCnrqMAJnMI5uHAFDbiDJrSAwBSe4RXerCfrxXq3PuajK1a5cwR/YH3+ABgslsk=</latexit><latexit sha1_base64="9K/1CRudtfVx217jxMXLEYGu2ik=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyURQZdFNy4r2Ac0oUymk3boZBJmJkJJs/BX3LhQxK2/4c6/cdJmoa0HBg7n3Ms9c4KEM6Ud59taWV1b39isbFW3d3b39u2Dw7aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gvFt4XceqVQsFg96klA/wkPBQkawNlLfPvZCiUnm5tnUi7AeBWE2zqd53645dWcGtEzcktSgRLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjjNq16qaILJGA9pz1CBI6r8bJY/R2dGGaAwluYJjWbq740MR0pNosBMFhnVoleI/3m9VIfXfsZEkmoqyPxQmHKkY1SUgQZMUqL5xBBMJDNZERlhU4g2lVVNCe7il5dJ+6LuOnX3/rLWuCnrqMAJnMI5uHAFDbiDJrSAwBSe4RXerCfrxXq3PuajK1a5cwR/YH3+ABgslsk=</latexit>

28

r2 (x,k) = �|k|2 (x,k)
<latexit sha1_base64="0vEW/FuUN1O2STJ6/5RkvW/0rhg=">AAACV3iclVHPS8MwGE27qXP+6vToJTiECTraIehFGHrxOMH9gHWONEu3sDQtSSqOrv+keNm/4kXTbaJuXvwg5OW975EvL17EqFS2PTPMXH5jc6uwXdzZ3ds/sEqHLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl747tMbz8TIWnIH9UkIr0ADTn1KUZKU32Luxx5DD3VoOuFbCAngd4StyFpWnEDpEaen7yk5/ALj9MzeAMvpt/n6X+8fatsV+15wXXgLEEZLKvRt17dQYjjgHCFGZKy69iR6iVIKIoZSYtuLEmE8BgNSVdDjgIie8k8lxSeamYA/VDoxRWcsz8dCQpkNrXuzEaUq1pG/qV1Y+Vf9xLKo1gRjhcX+TGDKoRZyHBABcGKTTRAWFA9K8QjJBBW+iuKOgRn9cnroFWrOnbVebgs12+XcRTAMTgBFeCAK1AH96ABmgCDN/Bu5Iy8MTM+zE2zsGg1jaXnCPwqs/QJNf+1xw==</latexit><latexit sha1_base64="0vEW/FuUN1O2STJ6/5RkvW/0rhg=">AAACV3iclVHPS8MwGE27qXP+6vToJTiECTraIehFGHrxOMH9gHWONEu3sDQtSSqOrv+keNm/4kXTbaJuXvwg5OW975EvL17EqFS2PTPMXH5jc6uwXdzZ3ds/sEqHLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl747tMbz8TIWnIH9UkIr0ADTn1KUZKU32Luxx5DD3VoOuFbCAngd4StyFpWnEDpEaen7yk5/ALj9MzeAMvpt/n6X+8fatsV+15wXXgLEEZLKvRt17dQYjjgHCFGZKy69iR6iVIKIoZSYtuLEmE8BgNSVdDjgIie8k8lxSeamYA/VDoxRWcsz8dCQpkNrXuzEaUq1pG/qV1Y+Vf9xLKo1gRjhcX+TGDKoRZyHBABcGKTTRAWFA9K8QjJBBW+iuKOgRn9cnroFWrOnbVebgs12+XcRTAMTgBFeCAK1AH96ABmgCDN/Bu5Iy8MTM+zE2zsGg1jaXnCPwqs/QJNf+1xw==</latexit><latexit sha1_base64="0vEW/FuUN1O2STJ6/5RkvW/0rhg=">AAACV3iclVHPS8MwGE27qXP+6vToJTiECTraIehFGHrxOMH9gHWONEu3sDQtSSqOrv+keNm/4kXTbaJuXvwg5OW975EvL17EqFS2PTPMXH5jc6uwXdzZ3ds/sEqHLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl747tMbz8TIWnIH9UkIr0ADTn1KUZKU32Luxx5DD3VoOuFbCAngd4StyFpWnEDpEaen7yk5/ALj9MzeAMvpt/n6X+8fatsV+15wXXgLEEZLKvRt17dQYjjgHCFGZKy69iR6iVIKIoZSYtuLEmE8BgNSVdDjgIie8k8lxSeamYA/VDoxRWcsz8dCQpkNrXuzEaUq1pG/qV1Y+Vf9xLKo1gRjhcX+TGDKoRZyHBABcGKTTRAWFA9K8QjJBBW+iuKOgRn9cnroFWrOnbVebgs12+XcRTAMTgBFeCAK1AH96ABmgCDN/Bu5Iy8MTM+zE2zsGg1jaXnCPwqs/QJNf+1xw==</latexit><latexit sha1_base64="0vEW/FuUN1O2STJ6/5RkvW/0rhg=">AAACV3iclVHPS8MwGE27qXP+6vToJTiECTraIehFGHrxOMH9gHWONEu3sDQtSSqOrv+keNm/4kXTbaJuXvwg5OW975EvL17EqFS2PTPMXH5jc6uwXdzZ3ds/sEqHLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl747tMbz8TIWnIH9UkIr0ADTn1KUZKU32Luxx5DD3VoOuFbCAngd4StyFpWnEDpEaen7yk5/ALj9MzeAMvpt/n6X+8fatsV+15wXXgLEEZLKvRt17dQYjjgHCFGZKy69iR6iVIKIoZSYtuLEmE8BgNSVdDjgIie8k8lxSeamYA/VDoxRWcsz8dCQpkNrXuzEaUq1pG/qV1Y+Vf9xLKo1gRjhcX+TGDKoRZyHBABcGKTTRAWFA9K8QjJBBW+iuKOgRn9cnroFWrOnbVebgs12+XcRTAMTgBFeCAK1AH96ABmgCDN/Bu5Iy8MTM+zE2zsGg1jaXnCPwqs/QJNf+1xw==</latexit>

r · (x,k) = 0
<latexit sha1_base64="dMTJMOJVfY4D1U+HMRzjPPxkX4g=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoIGVGBEUQim5cVrAP6JSSyWTa0EwyJBmxDPMvbvwVNy6U4saF/2KmraCtF0IO59zLPff4MaNKO86nVVhaXlldK66XNja3tnfs3b2mEonEpIEFE7LtI0UY5aShqWakHUuCIp+Rlj+8yfXWA5GKCn6vRzHpRqjPaUgx0obq2ZceRz5D0MOB0NDzBQvUKDJf6tUVzSpehPTAD9PH7AT+4GF2DK+g07PLTtWZFFwE7gyUwazqPXvsBQInEeEaM6RUx3Vi3U2R1BQzkpW8RJEY4SHqk46BHEVEddPJjRk8MkwAQyHN4xpO2N8TKYpU7tx05jbVvJaT/2mdRIcX3ZTyONGE4+miMGFQC5gHBgMqCdZsZADCkhqvEA+QRFibWEsmBHf+5EXQPK26TtW9OyvXrmdxFMEBOAQV4IJzUAO3oA4aAIMn8ALewLv1bL1aY+tj2lqwZjP74E9ZX9/hoKRb</latexit><latexit sha1_base64="dMTJMOJVfY4D1U+HMRzjPPxkX4g=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoIGVGBEUQim5cVrAP6JSSyWTa0EwyJBmxDPMvbvwVNy6U4saF/2KmraCtF0IO59zLPff4MaNKO86nVVhaXlldK66XNja3tnfs3b2mEonEpIEFE7LtI0UY5aShqWakHUuCIp+Rlj+8yfXWA5GKCn6vRzHpRqjPaUgx0obq2ZceRz5D0MOB0NDzBQvUKDJf6tUVzSpehPTAD9PH7AT+4GF2DK+g07PLTtWZFFwE7gyUwazqPXvsBQInEeEaM6RUx3Vi3U2R1BQzkpW8RJEY4SHqk46BHEVEddPJjRk8MkwAQyHN4xpO2N8TKYpU7tx05jbVvJaT/2mdRIcX3ZTyONGE4+miMGFQC5gHBgMqCdZsZADCkhqvEA+QRFibWEsmBHf+5EXQPK26TtW9OyvXrmdxFMEBOAQV4IJzUAO3oA4aAIMn8ALewLv1bL1aY+tj2lqwZjP74E9ZX9/hoKRb</latexit><latexit sha1_base64="dMTJMOJVfY4D1U+HMRzjPPxkX4g=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoIGVGBEUQim5cVrAP6JSSyWTa0EwyJBmxDPMvbvwVNy6U4saF/2KmraCtF0IO59zLPff4MaNKO86nVVhaXlldK66XNja3tnfs3b2mEonEpIEFE7LtI0UY5aShqWakHUuCIp+Rlj+8yfXWA5GKCn6vRzHpRqjPaUgx0obq2ZceRz5D0MOB0NDzBQvUKDJf6tUVzSpehPTAD9PH7AT+4GF2DK+g07PLTtWZFFwE7gyUwazqPXvsBQInEeEaM6RUx3Vi3U2R1BQzkpW8RJEY4SHqk46BHEVEddPJjRk8MkwAQyHN4xpO2N8TKYpU7tx05jbVvJaT/2mdRIcX3ZTyONGE4+miMGFQC5gHBgMqCdZsZADCkhqvEA+QRFibWEsmBHf+5EXQPK26TtW9OyvXrmdxFMEBOAQV4IJzUAO3oA4aAIMn8ALewLv1bL1aY+tj2lqwZjP74E9ZX9/hoKRb</latexit><latexit sha1_base64="dMTJMOJVfY4D1U+HMRzjPPxkX4g=">AAACI3icbVDLSgMxFM3UV62vUZdugkWoIGVGBEUQim5cVrAP6JSSyWTa0EwyJBmxDPMvbvwVNy6U4saF/2KmraCtF0IO59zLPff4MaNKO86nVVhaXlldK66XNja3tnfs3b2mEonEpIEFE7LtI0UY5aShqWakHUuCIp+Rlj+8yfXWA5GKCn6vRzHpRqjPaUgx0obq2ZceRz5D0MOB0NDzBQvUKDJf6tUVzSpehPTAD9PH7AT+4GF2DK+g07PLTtWZFFwE7gyUwazqPXvsBQInEeEaM6RUx3Vi3U2R1BQzkpW8RJEY4SHqk46BHEVEddPJjRk8MkwAQyHN4xpO2N8TKYpU7tx05jbVvJaT/2mdRIcX3ZTyONGE4+miMGFQC5gHBgMqCdZsZADCkhqvEA+QRFibWEsmBHf+5EXQPK26TtW9OyvXrmdxFMEBOAQV4IJzUAO3oA4aAIMn8ALewLv1bL1aY+tj2lqwZjP74E9ZX9/hoKRb</latexit>

{
<latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit><latexit sha1_base64="RG03HEwJX1WBjc+2nWlsTV1XmgQ=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis99PK+W/Vq3hxklfgFqUKBRt/96g0SlsUoDRNU667vpSbIqTKcCZxWepnGlLIxHWLXUklj1EE+v3RKzqwyIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYmug5zLNDMo2WJRlAliEjJ7mwy4QmbExBLKFLe3EjaiijJjw6nYEPzll1dJ66LmezX//rJavyniKMMJnMI5+HAFdbiDBjSBQQTP8Apvzth5cd6dj0VrySlmjuEPnM8fm4SNZQ==</latexit>



Extension to Neumann

 x(x,k) =
1

|k| cos(kxx) cos(kyy)
<latexit sha1_base64="Ku4lwmkOeS4dDUWFRZzFu0PdW6s="></latexit><latexit sha1_base64="Ku4lwmkOeS4dDUWFRZzFu0PdW6s="></latexit><latexit sha1_base64="Ku4lwmkOeS4dDUWFRZzFu0PdW6s="></latexit><latexit sha1_base64="Ku4lwmkOeS4dDUWFRZzFu0PdW6s="></latexit>

 y(x,k) =
1

|k| sin(kxx) sin(kyy)
<latexit sha1_base64="l2Z3KSN5nlddgEbO4o9Ap0piq6A="></latexit><latexit sha1_base64="l2Z3KSN5nlddgEbO4o9Ap0piq6A="></latexit><latexit sha1_base64="l2Z3KSN5nlddgEbO4o9Ap0piq6A="></latexit><latexit sha1_base64="l2Z3KSN5nlddgEbO4o9Ap0piq6A="></latexit>

kx = 1, ky = 2
<latexit sha1_base64="EfH/4dDka4TQ2JsybmEE/YDTdgM=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1gFF1KSIuhGKLpxWcFeoAlhMp20QycXZiZiCX0BN76KGxeKuHXvzrdx0mZRW38Y+PnOOcw5v59wJpVl/RhLyyura+uljfLm1vbOrrm335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3iT19sPVEgWR/dqlFA3xP2IBYxgpZFnHjshVgM/yIZj7xFdIfsMOWiGjTSreWbFqloToUVjF6YChRqe+e30YpKGNFKEYym7tpUoN8NCMcLpuOykkiaYDHGfdrWNcEilm02uGaMTTXooiIV+kUITOjuR4VDKUejrznxPOV/L4X+1bqqCSzdjUZIqGpHpR0HKkYpRHg3qMUGJ4iNtMBFM74rIAAtMlA6wrEOw509eNK1a1baq9t15pX5dxFGCQziCU7DhAupwCw1oAoEneIE3eDeejVfjw/icti4ZxcwB/JHx9QsdmJpJ</latexit><latexit sha1_base64="EfH/4dDka4TQ2JsybmEE/YDTdgM=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1gFF1KSIuhGKLpxWcFeoAlhMp20QycXZiZiCX0BN76KGxeKuHXvzrdx0mZRW38Y+PnOOcw5v59wJpVl/RhLyyura+uljfLm1vbOrrm335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3iT19sPVEgWR/dqlFA3xP2IBYxgpZFnHjshVgM/yIZj7xFdIfsMOWiGjTSreWbFqloToUVjF6YChRqe+e30YpKGNFKEYym7tpUoN8NCMcLpuOykkiaYDHGfdrWNcEilm02uGaMTTXooiIV+kUITOjuR4VDKUejrznxPOV/L4X+1bqqCSzdjUZIqGpHpR0HKkYpRHg3qMUGJ4iNtMBFM74rIAAtMlA6wrEOw509eNK1a1baq9t15pX5dxFGCQziCU7DhAupwCw1oAoEneIE3eDeejVfjw/icti4ZxcwB/JHx9QsdmJpJ</latexit><latexit sha1_base64="EfH/4dDka4TQ2JsybmEE/YDTdgM=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1gFF1KSIuhGKLpxWcFeoAlhMp20QycXZiZiCX0BN76KGxeKuHXvzrdx0mZRW38Y+PnOOcw5v59wJpVl/RhLyyura+uljfLm1vbOrrm335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3iT19sPVEgWR/dqlFA3xP2IBYxgpZFnHjshVgM/yIZj7xFdIfsMOWiGjTSreWbFqloToUVjF6YChRqe+e30YpKGNFKEYym7tpUoN8NCMcLpuOykkiaYDHGfdrWNcEilm02uGaMTTXooiIV+kUITOjuR4VDKUejrznxPOV/L4X+1bqqCSzdjUZIqGpHpR0HKkYpRHg3qMUGJ4iNtMBFM74rIAAtMlA6wrEOw509eNK1a1baq9t15pX5dxFGCQziCU7DhAupwCw1oAoEneIE3eDeejVfjw/icti4ZxcwB/JHx9QsdmJpJ</latexit><latexit sha1_base64="EfH/4dDka4TQ2JsybmEE/YDTdgM=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1gFF1KSIuhGKLpxWcFeoAlhMp20QycXZiZiCX0BN76KGxeKuHXvzrdx0mZRW38Y+PnOOcw5v59wJpVl/RhLyyura+uljfLm1vbOrrm335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3iT19sPVEgWR/dqlFA3xP2IBYxgpZFnHjshVgM/yIZj7xFdIfsMOWiGjTSreWbFqloToUVjF6YChRqe+e30YpKGNFKEYym7tpUoN8NCMcLpuOykkiaYDHGfdrWNcEilm02uGaMTTXooiIV+kUITOjuR4VDKUejrznxPOV/L4X+1bqqCSzdjUZIqGpHpR0HKkYpRHg3qMUGJ4iNtMBFM74rIAAtMlA6wrEOw509eNK1a1baq9t15pX5dxFGCQziCU7DhAupwCw1oAoEneIE3eDeejVfjw/icti4ZxcwB/JHx9QsdmJpJ</latexit>

kx = 2, ky = 2
<latexit sha1_base64="YTDaqTb2v4/SjiTOZcIrSDnUK64=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1gFF1KSIuhGKLpxWcFeoAlhMp20QycXZiZiCX0BN76KGxeKuHXvzrdx0mZRW38Y+PnOOcw5v59wJpVl/RhLyyura+uljfLm1vbOrrm335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3iT19sPVEgWR/dqlFA3xP2IBYxgpZFnHjshVgM/yIZj7xFdodoZctAMG+XMMytW1ZoILRq7MBUo1PDMb6cXkzSkkSIcS9m1rUS5GRaKEU7HZSeVNMFkiPu0q22EQyrdbHLNGJ1o0kNBLPSLFJrQ2YkMh1KOQl935nvK+VoO/6t1UxVcuhmLklTRiEw/ClKOVIzyaFCPCUoUH2mDiWB6V0QGWGCidIBlHYI9f/KiadWqtlW1784r9esijhIcwhGcgg0XUIdbaEATCDzBC7zBu/FsvBofxue0dckoZg7gj4yvXx8wmko=</latexit><latexit sha1_base64="YTDaqTb2v4/SjiTOZcIrSDnUK64=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1gFF1KSIuhGKLpxWcFeoAlhMp20QycXZiZiCX0BN76KGxeKuHXvzrdx0mZRW38Y+PnOOcw5v59wJpVl/RhLyyura+uljfLm1vbOrrm335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3iT19sPVEgWR/dqlFA3xP2IBYxgpZFnHjshVgM/yIZj7xFdodoZctAMG+XMMytW1ZoILRq7MBUo1PDMb6cXkzSkkSIcS9m1rUS5GRaKEU7HZSeVNMFkiPu0q22EQyrdbHLNGJ1o0kNBLPSLFJrQ2YkMh1KOQl935nvK+VoO/6t1UxVcuhmLklTRiEw/ClKOVIzyaFCPCUoUH2mDiWB6V0QGWGCidIBlHYI9f/KiadWqtlW1784r9esijhIcwhGcgg0XUIdbaEATCDzBC7zBu/FsvBofxue0dckoZg7gj4yvXx8wmko=</latexit><latexit sha1_base64="YTDaqTb2v4/SjiTOZcIrSDnUK64=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1gFF1KSIuhGKLpxWcFeoAlhMp20QycXZiZiCX0BN76KGxeKuHXvzrdx0mZRW38Y+PnOOcw5v59wJpVl/RhLyyura+uljfLm1vbOrrm335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3iT19sPVEgWR/dqlFA3xP2IBYxgpZFnHjshVgM/yIZj7xFdodoZctAMG+XMMytW1ZoILRq7MBUo1PDMb6cXkzSkkSIcS9m1rUS5GRaKEU7HZSeVNMFkiPu0q22EQyrdbHLNGJ1o0kNBLPSLFJrQ2YkMh1KOQl935nvK+VoO/6t1UxVcuhmLklTRiEw/ClKOVIzyaFCPCUoUH2mDiWB6V0QGWGCidIBlHYI9f/KiadWqtlW1784r9esijhIcwhGcgg0XUIdbaEATCDzBC7zBu/FsvBofxue0dckoZg7gj4yvXx8wmko=</latexit><latexit sha1_base64="YTDaqTb2v4/SjiTOZcIrSDnUK64=">AAACDXicbZDLSsNAFIZPvNZ6i7p0M1gFF1KSIuhGKLpxWcFeoAlhMp20QycXZiZiCX0BN76KGxeKuHXvzrdx0mZRW38Y+PnOOcw5v59wJpVl/RhLyyura+uljfLm1vbOrrm335JxKghtkpjHouNjSTmLaFMxxWknERSHPqdtf3iT19sPVEgWR/dqlFA3xP2IBYxgpZFnHjshVgM/yIZj7xFdodoZctAMG+XMMytW1ZoILRq7MBUo1PDMb6cXkzSkkSIcS9m1rUS5GRaKEU7HZSeVNMFkiPu0q22EQyrdbHLNGJ1o0kNBLPSLFJrQ2YkMh1KOQl935nvK+VoO/6t1UxVcuhmLklTRiEw/ClKOVIzyaFCPCUoUH2mDiWB6V0QGWGCidIBlHYI9f/KiadWqtlW1784r9esijhIcwhGcgg0XUIdbaEATCDzBC7zBu/FsvBofxue0dckoZg7gj4yvXx8wmko=</latexit>

kx = 1, ky = 1
<latexit sha1_base64="2Yc7RnxNdN4fz3qKvCvweso+Nr4="></latexit><latexit sha1_base64="2Yc7RnxNdN4fz3qKvCvweso+Nr4="></latexit><latexit sha1_base64="2Yc7RnxNdN4fz3qKvCvweso+Nr4="></latexit><latexit sha1_base64="2Yc7RnxNdN4fz3qKvCvweso+Nr4="></latexit>
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Extension to Neumann



Extension to Neumann

 x(x,k) =
1

|k| cos(kxx) cos(kyy)
<latexit sha1_base64="Ku4lwmkOeS4dDUWFRZzFu0PdW6s="></latexit><latexit sha1_base64="Ku4lwmkOeS4dDUWFRZzFu0PdW6s="></latexit><latexit sha1_base64="Ku4lwmkOeS4dDUWFRZzFu0PdW6s="></latexit><latexit sha1_base64="Ku4lwmkOeS4dDUWFRZzFu0PdW6s="></latexit>

 y(x,k) =
1

|k| sin(kxx) sin(kyy)
<latexit sha1_base64="l2Z3KSN5nlddgEbO4o9Ap0piq6A="></latexit><latexit sha1_base64="l2Z3KSN5nlddgEbO4o9Ap0piq6A="></latexit><latexit sha1_base64="l2Z3KSN5nlddgEbO4o9Ap0piq6A="></latexit><latexit sha1_base64="l2Z3KSN5nlddgEbO4o9Ap0piq6A="></latexit>

DCT

DCT

 x
<latexit sha1_base64="Ibc27Kh41c1LcQbSxefkyiqTovg=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQi6HHoxeME9wFrKWmabmFpUpJULGX+K148KOLVP8Sb/43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD4/6SmQSkx4WTMhhiBRhlJOeppqRYSoJSkJGBuH0pvQHD0QqKvi9zlPiJ2jMaUwx0kYK7KYXChapPDFX4XUVnQWPgd1y2s4ccJW4FWmBCt3A/vIigbOEcI0ZUmrkOqn2CyQ1xYzMGl6mSIrwFI3JyFCOEqL8Yh5+Bk+NEsFYSHO4hnP190aBElXmM5MJ0hO17JXif94o0/GVX1CeZppwvHgozhjUApZNwIhKgjXLDUFYUpMV4gmSCGvTV8OU4C5/eZX0z9uu03bvLlqd66qOOjgGJ+AMuOASdMAt6IIewCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gCHxZVT</latexit><latexit sha1_base64="Ibc27Kh41c1LcQbSxefkyiqTovg=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQi6HHoxeME9wFrKWmabmFpUpJULGX+K148KOLVP8Sb/43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD4/6SmQSkx4WTMhhiBRhlJOeppqRYSoJSkJGBuH0pvQHD0QqKvi9zlPiJ2jMaUwx0kYK7KYXChapPDFX4XUVnQWPgd1y2s4ccJW4FWmBCt3A/vIigbOEcI0ZUmrkOqn2CyQ1xYzMGl6mSIrwFI3JyFCOEqL8Yh5+Bk+NEsFYSHO4hnP190aBElXmM5MJ0hO17JXif94o0/GVX1CeZppwvHgozhjUApZNwIhKgjXLDUFYUpMV4gmSCGvTV8OU4C5/eZX0z9uu03bvLlqd66qOOjgGJ+AMuOASdMAt6IIewCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gCHxZVT</latexit><latexit sha1_base64="Ibc27Kh41c1LcQbSxefkyiqTovg=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQi6HHoxeME9wFrKWmabmFpUpJULGX+K148KOLVP8Sb/43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD4/6SmQSkx4WTMhhiBRhlJOeppqRYSoJSkJGBuH0pvQHD0QqKvi9zlPiJ2jMaUwx0kYK7KYXChapPDFX4XUVnQWPgd1y2s4ccJW4FWmBCt3A/vIigbOEcI0ZUmrkOqn2CyQ1xYzMGl6mSIrwFI3JyFCOEqL8Yh5+Bk+NEsFYSHO4hnP190aBElXmM5MJ0hO17JXif94o0/GVX1CeZppwvHgozhjUApZNwIhKgjXLDUFYUpMV4gmSCGvTV8OU4C5/eZX0z9uu03bvLlqd66qOOjgGJ+AMuOASdMAt6IIewCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gCHxZVT</latexit><latexit sha1_base64="Ibc27Kh41c1LcQbSxefkyiqTovg=">AAAB/HicbVDNS8MwHE3n15xf1R29BIfgabQi6HHoxeME9wFrKWmabmFpUpJULGX+K148KOLVP8Sb/43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD4/6SmQSkx4WTMhhiBRhlJOeppqRYSoJSkJGBuH0pvQHD0QqKvi9zlPiJ2jMaUwx0kYK7KYXChapPDFX4XUVnQWPgd1y2s4ccJW4FWmBCt3A/vIigbOEcI0ZUmrkOqn2CyQ1xYzMGl6mSIrwFI3JyFCOEqL8Yh5+Bk+NEsFYSHO4hnP190aBElXmM5MJ0hO17JXif94o0/GVX1CeZppwvHgozhjUApZNwIhKgjXLDUFYUpMV4gmSCGvTV8OU4C5/eZX0z9uu03bvLlqd66qOOjgGJ+AMuOASdMAt6IIewCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gCHxZVT</latexit>

DST

DST

 y
<latexit sha1_base64="F7qGB8i9wZsq4hcKkeuJfyig8GY=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is383G+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPH4lJlVQ=</latexit><latexit sha1_base64="F7qGB8i9wZsq4hcKkeuJfyig8GY=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is383G+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPH4lJlVQ=</latexit><latexit sha1_base64="F7qGB8i9wZsq4hcKkeuJfyig8GY=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is383G+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPH4lJlVQ=</latexit><latexit sha1_base64="F7qGB8i9wZsq4hcKkeuJfyig8GY=">AAAB/HicbVDLSsNAFL3xWeur2qWbwSK4KokIuiy6cVnBPqAJYTKZtEMnmTAzEUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnSDlT2ra/rbX1jc2t7dpOfXdv/+CwcXTcVyKThPaI4EIOA6woZwntaaY5HaaS4jjgdBBMb0t/8EilYiJ50HlKvRiPExYxgrWR/EbTDQQPVR6bq3C7is383G+07LY9B1olTkVaUKHrN77cUJAspokmHCs1cuxUewWWmhFOZ3U3UzTFZIrHdGRogmOqvGIefobOjBKiSEhzEo3m6u+NAseqzGcmY6wnatkrxf+8Uaaja69gSZppmpDFQ1HGkRaobAKFTFKieW4IJpKZrIhMsMREm77qpgRn+curpH/Rduy2c3/Z6txUddTgBE7hHBy4gg7cQRd6QCCHZ3iFN+vJerHerY/F6JpV7TThD6zPH4lJlVQ=</latexit>
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Mixed Boundary Conditions

y = sin((kx � 0.5)x), kx 2 Z+
<latexit sha1_base64="Alm+LZMH1J/YbarMZYss3u/bb1I=">AAACKnicbVDLSsNAFJ3UV62vqks3g0VoUUsiim6EqhuXFewDm1gm00k7dDIJMxNpCf0eN/6Kmy6U4tYPcdJmYa0HLhzOuZd773FDRqUyzYmRWVpeWV3Lruc2Nre2d/K7e3UZRAKTGg5YIJoukoRRTmqKKkaaoSDIdxlpuP27xG+8ECFpwB/VMCSOj7qcehQjpaV2/mYIr6EtKS8WbR+pnuvF/VF7AE+hWb4owUHpBNpwzrEpTwU3fho9H7fzBbNsTgEXiZWSAkhRbefHdifAkU+4wgxJ2bLMUDkxEopiRkY5O5IkRLiPuqSlKUc+kU48fXUEj7TSgV4gdHEFp+rviRj5Ug59V3cmN8q/XiL+57Ui5V05MeVhpAjHs0VexKAKYJIb7FBBsGJDTRAWVN8KcQ8JhJVON6dDsP6+vEjqZ2XLLFsP54XKbRpHFhyAQ1AEFrgEFXAPqqAGMHgF7+ADfBpvxtiYGF+z1oyRzuyDORjfP5i6pPs=</latexit><latexit sha1_base64="Alm+LZMH1J/YbarMZYss3u/bb1I=">AAACKnicbVDLSsNAFJ3UV62vqks3g0VoUUsiim6EqhuXFewDm1gm00k7dDIJMxNpCf0eN/6Kmy6U4tYPcdJmYa0HLhzOuZd773FDRqUyzYmRWVpeWV3Lruc2Nre2d/K7e3UZRAKTGg5YIJoukoRRTmqKKkaaoSDIdxlpuP27xG+8ECFpwB/VMCSOj7qcehQjpaV2/mYIr6EtKS8WbR+pnuvF/VF7AE+hWb4owUHpBNpwzrEpTwU3fho9H7fzBbNsTgEXiZWSAkhRbefHdifAkU+4wgxJ2bLMUDkxEopiRkY5O5IkRLiPuqSlKUc+kU48fXUEj7TSgV4gdHEFp+rviRj5Ug59V3cmN8q/XiL+57Ui5V05MeVhpAjHs0VexKAKYJIb7FBBsGJDTRAWVN8KcQ8JhJVON6dDsP6+vEjqZ2XLLFsP54XKbRpHFhyAQ1AEFrgEFXAPqqAGMHgF7+ADfBpvxtiYGF+z1oyRzuyDORjfP5i6pPs=</latexit><latexit sha1_base64="Alm+LZMH1J/YbarMZYss3u/bb1I=">AAACKnicbVDLSsNAFJ3UV62vqks3g0VoUUsiim6EqhuXFewDm1gm00k7dDIJMxNpCf0eN/6Kmy6U4tYPcdJmYa0HLhzOuZd773FDRqUyzYmRWVpeWV3Lruc2Nre2d/K7e3UZRAKTGg5YIJoukoRRTmqKKkaaoSDIdxlpuP27xG+8ECFpwB/VMCSOj7qcehQjpaV2/mYIr6EtKS8WbR+pnuvF/VF7AE+hWb4owUHpBNpwzrEpTwU3fho9H7fzBbNsTgEXiZWSAkhRbefHdifAkU+4wgxJ2bLMUDkxEopiRkY5O5IkRLiPuqSlKUc+kU48fXUEj7TSgV4gdHEFp+rviRj5Ug59V3cmN8q/XiL+57Ui5V05MeVhpAjHs0VexKAKYJIb7FBBsGJDTRAWVN8KcQ8JhJVON6dDsP6+vEjqZ2XLLFsP54XKbRpHFhyAQ1AEFrgEFXAPqqAGMHgF7+ADfBpvxtiYGF+z1oyRzuyDORjfP5i6pPs=</latexit><latexit sha1_base64="Alm+LZMH1J/YbarMZYss3u/bb1I=">AAACKnicbVDLSsNAFJ3UV62vqks3g0VoUUsiim6EqhuXFewDm1gm00k7dDIJMxNpCf0eN/6Kmy6U4tYPcdJmYa0HLhzOuZd773FDRqUyzYmRWVpeWV3Lruc2Nre2d/K7e3UZRAKTGg5YIJoukoRRTmqKKkaaoSDIdxlpuP27xG+8ECFpwB/VMCSOj7qcehQjpaV2/mYIr6EtKS8WbR+pnuvF/VF7AE+hWb4owUHpBNpwzrEpTwU3fho9H7fzBbNsTgEXiZWSAkhRbefHdifAkU+4wgxJ2bLMUDkxEopiRkY5O5IkRLiPuqSlKUc+kU48fXUEj7TSgV4gdHEFp+rviRj5Ug59V3cmN8q/XiL+57Ui5V05MeVhpAjHs0VexKAKYJIb7FBBsGJDTRAWVN8KcQ8JhJVON6dDsP6+vEjqZ2XLLFsP54XKbRpHFhyAQ1AEFrgEFXAPqqAGMHgF7+ADfBpvxtiYGF+z1oyRzuyDORjfP5i6pPs=</latexit>

@ x

@x
|x=⇡ = 0

<latexit sha1_base64="URjXOkrr4X0yx2x9ye6fPWkXvOw=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNZtMu3WzC7kZaYv6OF/+KFwVFvfpH3LQBtXVgmMd7M8zM8xNGpbKsD6OytLyyulZdr21sbm3vmLt7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o6tC794RIWnMb9UkIW6EBpyGFCOlKc9sOqFAOHMSJBRFDDp+zAI5iXTJnJakuTeG+Y88zuG9l43hBXQSmutieWbdaljTgIvALkEdlNHyzBcniHEaEa4wQ1L2bStRblYswIzkNSeVJEF4hAakryFHEZFuNv00h0eaCWAYC51cwSn7eyJDkSyu150RUkM5rxXkf1o/VeG5m1GepIpwPFsUpgyqGBa2wYAKghWbaICwoPpWiIdIW6e0uTVtgj3/8iLonDRsq2HfnNabl6UdVXAADsExsMEZaIJr0AJtgMEDeAKv4M14NJ6Nd+Nz1loxypl98CeMr29b6Kcx</latexit><latexit sha1_base64="URjXOkrr4X0yx2x9ye6fPWkXvOw=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNZtMu3WzC7kZaYv6OF/+KFwVFvfpH3LQBtXVgmMd7M8zM8xNGpbKsD6OytLyyulZdr21sbm3vmLt7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o6tC794RIWnMb9UkIW6EBpyGFCOlKc9sOqFAOHMSJBRFDDp+zAI5iXTJnJakuTeG+Y88zuG9l43hBXQSmutieWbdaljTgIvALkEdlNHyzBcniHEaEa4wQ1L2bStRblYswIzkNSeVJEF4hAakryFHEZFuNv00h0eaCWAYC51cwSn7eyJDkSyu150RUkM5rxXkf1o/VeG5m1GepIpwPFsUpgyqGBa2wYAKghWbaICwoPpWiIdIW6e0uTVtgj3/8iLonDRsq2HfnNabl6UdVXAADsExsMEZaIJr0AJtgMEDeAKv4M14NJ6Nd+Nz1loxypl98CeMr29b6Kcx</latexit><latexit sha1_base64="URjXOkrr4X0yx2x9ye6fPWkXvOw=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNZtMu3WzC7kZaYv6OF/+KFwVFvfpH3LQBtXVgmMd7M8zM8xNGpbKsD6OytLyyulZdr21sbm3vmLt7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o6tC794RIWnMb9UkIW6EBpyGFCOlKc9sOqFAOHMSJBRFDDp+zAI5iXTJnJakuTeG+Y88zuG9l43hBXQSmutieWbdaljTgIvALkEdlNHyzBcniHEaEa4wQ1L2bStRblYswIzkNSeVJEF4hAakryFHEZFuNv00h0eaCWAYC51cwSn7eyJDkSyu150RUkM5rxXkf1o/VeG5m1GepIpwPFsUpgyqGBa2wYAKghWbaICwoPpWiIdIW6e0uTVtgj3/8iLonDRsq2HfnNabl6UdVXAADsExsMEZaIJr0AJtgMEDeAKv4M14NJ6Nd+Nz1loxypl98CeMr29b6Kcx</latexit><latexit sha1_base64="URjXOkrr4X0yx2x9ye6fPWkXvOw=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNZtMu3WzC7kZaYv6OF/+KFwVFvfpH3LQBtXVgmMd7M8zM8xNGpbKsD6OytLyyulZdr21sbm3vmLt7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o6tC794RIWnMb9UkIW6EBpyGFCOlKc9sOqFAOHMSJBRFDDp+zAI5iXTJnJakuTeG+Y88zuG9l43hBXQSmutieWbdaljTgIvALkEdlNHyzBcniHEaEa4wQ1L2bStRblYswIzkNSeVJEF4hAakryFHEZFuNv00h0eaCWAYC51cwSn7eyJDkSyu150RUkM5rxXkf1o/VeG5m1GepIpwPFsUpgyqGBa2wYAKghWbaICwoPpWiIdIW6e0uTVtgj3/8iLonDRsq2HfnNabl6UdVXAADsExsMEZaIJr0AJtgMEDeAKv4M14NJ6Nd+Nz1loxypl98CeMr29b6Kcx</latexit>

 x|x=0 = 0
<latexit sha1_base64="xFCk+qAGot3EFnOsvW3j2HiMDms="></latexit><latexit sha1_base64="xFCk+qAGot3EFnOsvW3j2HiMDms="></latexit><latexit sha1_base64="xFCk+qAGot3EFnOsvW3j2HiMDms="></latexit><latexit sha1_base64="xFCk+qAGot3EFnOsvW3j2HiMDms="></latexit>
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x

y

0 π



Mixed Boundary Conditions
@ x

@x
|x=⇡ = 0

<latexit sha1_base64="URjXOkrr4X0yx2x9ye6fPWkXvOw=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNZtMu3WzC7kZaYv6OF/+KFwVFvfpH3LQBtXVgmMd7M8zM8xNGpbKsD6OytLyyulZdr21sbm3vmLt7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o6tC794RIWnMb9UkIW6EBpyGFCOlKc9sOqFAOHMSJBRFDDp+zAI5iXTJnJakuTeG+Y88zuG9l43hBXQSmutieWbdaljTgIvALkEdlNHyzBcniHEaEa4wQ1L2bStRblYswIzkNSeVJEF4hAakryFHEZFuNv00h0eaCWAYC51cwSn7eyJDkSyu150RUkM5rxXkf1o/VeG5m1GepIpwPFsUpgyqGBa2wYAKghWbaICwoPpWiIdIW6e0uTVtgj3/8iLonDRsq2HfnNabl6UdVXAADsExsMEZaIJr0AJtgMEDeAKv4M14NJ6Nd+Nz1loxypl98CeMr29b6Kcx</latexit><latexit sha1_base64="URjXOkrr4X0yx2x9ye6fPWkXvOw=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNZtMu3WzC7kZaYv6OF/+KFwVFvfpH3LQBtXVgmMd7M8zM8xNGpbKsD6OytLyyulZdr21sbm3vmLt7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o6tC794RIWnMb9UkIW6EBpyGFCOlKc9sOqFAOHMSJBRFDDp+zAI5iXTJnJakuTeG+Y88zuG9l43hBXQSmutieWbdaljTgIvALkEdlNHyzBcniHEaEa4wQ1L2bStRblYswIzkNSeVJEF4hAakryFHEZFuNv00h0eaCWAYC51cwSn7eyJDkSyu150RUkM5rxXkf1o/VeG5m1GepIpwPFsUpgyqGBa2wYAKghWbaICwoPpWiIdIW6e0uTVtgj3/8iLonDRsq2HfnNabl6UdVXAADsExsMEZaIJr0AJtgMEDeAKv4M14NJ6Nd+Nz1loxypl98CeMr29b6Kcx</latexit><latexit sha1_base64="URjXOkrr4X0yx2x9ye6fPWkXvOw=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNZtMu3WzC7kZaYv6OF/+KFwVFvfpH3LQBtXVgmMd7M8zM8xNGpbKsD6OytLyyulZdr21sbm3vmLt7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o6tC794RIWnMb9UkIW6EBpyGFCOlKc9sOqFAOHMSJBRFDDp+zAI5iXTJnJakuTeG+Y88zuG9l43hBXQSmutieWbdaljTgIvALkEdlNHyzBcniHEaEa4wQ1L2bStRblYswIzkNSeVJEF4hAakryFHEZFuNv00h0eaCWAYC51cwSn7eyJDkSyu150RUkM5rxXkf1o/VeG5m1GepIpwPFsUpgyqGBa2wYAKghWbaICwoPpWiIdIW6e0uTVtgj3/8iLonDRsq2HfnNabl6UdVXAADsExsMEZaIJr0AJtgMEDeAKv4M14NJ6Nd+Nz1loxypl98CeMr29b6Kcx</latexit><latexit sha1_base64="URjXOkrr4X0yx2x9ye6fPWkXvOw=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBbBU0lE0ItQ9OKxgv2AJoTNZtMu3WzC7kZaYv6OF/+KFwVFvfpH3LQBtXVgmMd7M8zM8xNGpbKsD6OytLyyulZdr21sbm3vmLt7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o6tC794RIWnMb9UkIW6EBpyGFCOlKc9sOqFAOHMSJBRFDDp+zAI5iXTJnJakuTeG+Y88zuG9l43hBXQSmutieWbdaljTgIvALkEdlNHyzBcniHEaEa4wQ1L2bStRblYswIzkNSeVJEF4hAakryFHEZFuNv00h0eaCWAYC51cwSn7eyJDkSyu150RUkM5rxXkf1o/VeG5m1GepIpwPFsUpgyqGBa2wYAKghWbaICwoPpWiIdIW6e0uTVtgj3/8iLonDRsq2HfnNabl6UdVXAADsExsMEZaIJr0AJtgMEDeAKv4M14NJ6Nd+Nz1loxypl98CeMr29b6Kcx</latexit>

 x|x=0 = 0
<latexit sha1_base64="xFCk+qAGot3EFnOsvW3j2HiMDms="></latexit><latexit sha1_base64="xFCk+qAGot3EFnOsvW3j2HiMDms="></latexit><latexit sha1_base64="xFCk+qAGot3EFnOsvW3j2HiMDms="></latexit><latexit sha1_base64="xFCk+qAGot3EFnOsvW3j2HiMDms="></latexit>
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 x(x,k) = � 1

k
sin((kx � 0.5)x) cos(kyy)

<latexit sha1_base64="dHktIqBDdHTdniLlpZd+jJOYffs="></latexit><latexit sha1_base64="dHktIqBDdHTdniLlpZd+jJOYffs="></latexit><latexit sha1_base64="dHktIqBDdHTdniLlpZd+jJOYffs="></latexit><latexit sha1_base64="dHktIqBDdHTdniLlpZd+jJOYffs="></latexit>

 y(x,k) =
1

k
cos((kx � 0.5)x) sin(kyy)

<latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qzk6FypfE/FfTraUlc7TfzqfF6k="></latexit><latexit sha1_base64="qzk6FypfE/FfTraUlc7TfzqfF6k="></latexit><latexit sha1_base64="G6T4Ks5oDnL6esJnkr1EPgyrt0E="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qzk6FypfE/FfTraUlc7TfzqfF6k="></latexit><latexit sha1_base64="qzk6FypfE/FfTraUlc7TfzqfF6k="></latexit><latexit sha1_base64="G6T4Ks5oDnL6esJnkr1EPgyrt0E="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qzk6FypfE/FfTraUlc7TfzqfF6k="></latexit><latexit sha1_base64="qzk6FypfE/FfTraUlc7TfzqfF6k="></latexit><latexit sha1_base64="G6T4Ks5oDnL6esJnkr1EPgyrt0E="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qzk6FypfE/FfTraUlc7TfzqfF6k="></latexit><latexit sha1_base64="qzk6FypfE/FfTraUlc7TfzqfF6k="></latexit><latexit sha1_base64="G6T4Ks5oDnL6esJnkr1EPgyrt0E="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit><latexit sha1_base64="mCDVHBRicv7Shgrf7oMctQsEm3s="></latexit>
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Dynamics

r · u = 0
<latexit sha1_base64="up5c1GndkgzPatSYG32mZAzzTX0=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXisYD+gCWWz2bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctDlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3bB4cdnWSKsjZNRKJ6AdFMcMnawEGwXqoYiQPBusH4pvC7D0xpnsh7mKTMj8lQ8ohTAkYa2DVPkkAQ7NEwAezFBEZBlGdTfIWdgV13Gs4MeJm4JamjEq2B/eWFCc1iJoEKonXfdVLwc6KAU8GmVS/TLCV0TIasb6gkMdN+Pntiik+MEuIoUaYk4Jn6eyInsdaTODCdxZV60SvE/7x+BtGln3OZZsAknS+KMoEhwUUiOOSKURATQwhV3NyK6YgoQsHkVjUhuIsvL5POWcN1Gu7deb15XcZRQTV0jE6Riy5QE92iFmojih7RM3pFb9aT9WK9Wx/z1hWrnDlCf2B9/gBgKpdB</latexit><latexit sha1_base64="up5c1GndkgzPatSYG32mZAzzTX0=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXisYD+gCWWz2bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctDlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3bB4cdnWSKsjZNRKJ6AdFMcMnawEGwXqoYiQPBusH4pvC7D0xpnsh7mKTMj8lQ8ohTAkYa2DVPkkAQ7NEwAezFBEZBlGdTfIWdgV13Gs4MeJm4JamjEq2B/eWFCc1iJoEKonXfdVLwc6KAU8GmVS/TLCV0TIasb6gkMdN+Pntiik+MEuIoUaYk4Jn6eyInsdaTODCdxZV60SvE/7x+BtGln3OZZsAknS+KMoEhwUUiOOSKURATQwhV3NyK6YgoQsHkVjUhuIsvL5POWcN1Gu7deb15XcZRQTV0jE6Riy5QE92iFmojih7RM3pFb9aT9WK9Wx/z1hWrnDlCf2B9/gBgKpdB</latexit><latexit sha1_base64="up5c1GndkgzPatSYG32mZAzzTX0=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXisYD+gCWWz2bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctDlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3bB4cdnWSKsjZNRKJ6AdFMcMnawEGwXqoYiQPBusH4pvC7D0xpnsh7mKTMj8lQ8ohTAkYa2DVPkkAQ7NEwAezFBEZBlGdTfIWdgV13Gs4MeJm4JamjEq2B/eWFCc1iJoEKonXfdVLwc6KAU8GmVS/TLCV0TIasb6gkMdN+Pntiik+MEuIoUaYk4Jn6eyInsdaTODCdxZV60SvE/7x+BtGln3OZZsAknS+KMoEhwUUiOOSKURATQwhV3NyK6YgoQsHkVjUhuIsvL5POWcN1Gu7deb15XcZRQTV0jE6Riy5QE92iFmojih7RM3pFb9aT9WK9Wx/z1hWrnDlCf2B9/gBgKpdB</latexit><latexit sha1_base64="up5c1GndkgzPatSYG32mZAzzTX0=">AAACBHicbVBNS8NAEN34WetX1GMvi0XwVBIR9CIUvXisYD+gCWWz2bRLN5uwOxFK6MGLf8WLB0W8+iO8+W/ctDlo64OBx3szzMwLUsE1OM63tbK6tr6xWdmqbu/s7u3bB4cdnWSKsjZNRKJ6AdFMcMnawEGwXqoYiQPBusH4pvC7D0xpnsh7mKTMj8lQ8ohTAkYa2DVPkkAQ7NEwAezFBEZBlGdTfIWdgV13Gs4MeJm4JamjEq2B/eWFCc1iJoEKonXfdVLwc6KAU8GmVS/TLCV0TIasb6gkMdN+Pntiik+MEuIoUaYk4Jn6eyInsdaTODCdxZV60SvE/7x+BtGln3OZZsAknS+KMoEhwUUiOOSKURATQwhV3NyK6YgoQsHkVjUhuIsvL5POWcN1Gu7deb15XcZRQTV0jE6Riy5QE92iFmojih7RM3pFb9aT9WK9Wx/z1hWrnDlCf2B9/gBgKpdB</latexit>

u̇ = �u ·ru+ ⌫r2u�rp+ f
<latexit sha1_base64="MYEnAQ5+eh0v0GpN8spH672apDk="></latexit><latexit sha1_base64="MYEnAQ5+eh0v0GpN8spH672apDk="></latexit><latexit sha1_base64="MYEnAQ5+eh0v0GpN8spH672apDk="></latexit><latexit sha1_base64="MYEnAQ5+eh0v0GpN8spH672apDk="></latexit>
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Dynamics

wt+1
k = wt

ke
⌫�i�t

<latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit><latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit><latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ENPEa8xNKWlTdwebKW8FaFmTHbY=">AAACCnicbZC9SgNBFIXv+m+MGm1tBkUQlLBro40gaGGpYBIhmyyzkxsdMju7zNxVwpKXsPFVbCwU8QHsfBsnP4VGDwx8nDN/98SZkpZ8/8ubmZ2bX1hcWi6tlFfX1isb5bpNcyOwJlKVmpuYW1RSY40kKbzJDPIkVtiIe2fDvHGPxspUX1M/w1bCb7XsSsHJWVHl4CHqtQvaDwbshA2ZGLaLUOcsVO6WDo8kC89REWc0iCo7ftUfif2FYAI7MNFlVPkMO6nIE9QkFLe2GfgZtQpuSAqFg1KYW8y46PFbbDrUPEHbKkZTDdiuczqsmxq3NLGR+/NEwRNr+0nsdiac7ux0NjT/y5o5dY9bhdRZTqjF+KFurhilbFgR60iDglTfARdGur8ycccNF+SKLLkSgumR/0L9sBr41eDKhyXYgm3YgwCO4BQu4BJqIOARnuEV3rwn78V7H9c1401624Rf8j6+ATNynJM=</latexit><latexit sha1_base64="ENPEa8xNKWlTdwebKW8FaFmTHbY=">AAACCnicbZC9SgNBFIXv+m+MGm1tBkUQlLBro40gaGGpYBIhmyyzkxsdMju7zNxVwpKXsPFVbCwU8QHsfBsnP4VGDwx8nDN/98SZkpZ8/8ubmZ2bX1hcWi6tlFfX1isb5bpNcyOwJlKVmpuYW1RSY40kKbzJDPIkVtiIe2fDvHGPxspUX1M/w1bCb7XsSsHJWVHl4CHqtQvaDwbshA2ZGLaLUOcsVO6WDo8kC89REWc0iCo7ftUfif2FYAI7MNFlVPkMO6nIE9QkFLe2GfgZtQpuSAqFg1KYW8y46PFbbDrUPEHbKkZTDdiuczqsmxq3NLGR+/NEwRNr+0nsdiac7ux0NjT/y5o5dY9bhdRZTqjF+KFurhilbFgR60iDglTfARdGur8ycccNF+SKLLkSgumR/0L9sBr41eDKhyXYgm3YgwCO4BQu4BJqIOARnuEV3rwn78V7H9c1401624Rf8j6+ATNynJM=</latexit><latexit sha1_base64="Edy7uhlQX8sJSGWNezhvvY9dc7g=">AAACFXicbZDNSgMxFIUz/lv/qi7dBIsgKGXGjW4EURcuK9gqdKZDJr3V0ExmSO4oZZiXcOOruHGhiFvBnW9jpnah1QOBj3PvTXJPlEph0HU/nYnJqemZ2bn5ysLi0vJKdXWtZZJMc2jyRCb6KmIGpFDQRIESrlINLI4kXEb9k7J+eQvaiERd4CCFIGbXSvQEZ2itsLp7F/Y7Oe54BT2kJSOFTu6rjPrS3tJloaD+KUhkFIuwWnPr7lD0L3gjqJGRGmH1w+8mPItBIZfMmLbnphjkTKPgEoqKnxlIGe+za2hbVCwGE+TDrQq6ZZ0u7SXaHoV06P6cyFlszCCObGfM8MaM10rzv1o7w95BkAuVZgiKfz/UyyTFhJYR0a7QwFEOLDCuhf0r5TdMM442yIoNwRtf+S+09uqeW/fO3drR8SiOObJBNsk28cg+OSJnpEGahJN78kieyYvz4Dw5r87bd+uEM5pZJ7/kvH8B+r+eDw==</latexit><latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit><latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit><latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit><latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit><latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit><latexit sha1_base64="HB9y1ZV+Bx/Ij5jMX6t2xmePlf8=">AAACFXicbZDNSgMxFIUz9b/+jbp0EyyCoJQZEXQjFHXhUsGq0JkOmfTWhmYyQ3JHKUNfwo2v4saFIm4Fd76Nae1CrQcCH+fem+SeOJPCoOd9OqWJyanpmdm58vzC4tKyu7J6adJcc6jzVKb6OmYGpFBQR4ESrjMNLIklXMXd40H96ha0Eam6wF4GYcJulGgLztBakbtzF3WbBW77fXpIB4wUmkWgchpIe0uLRYIGJyCRUexHbsWrekPRcfBHUCEjnUXuR9BKeZ6AQi6ZMQ3fyzAsmEbBJfTLQW4gY7zLbqBhUbEETFgMt+rTTeu0aDvV9iikQ/fnRMESY3pJbDsThh3ztzYw/6s1cmwfhIVQWY6g+PdD7VxSTOkgItoSGjjKngXGtbB/pbzDNONogyzbEPy/K4/D5W7V96r++V6ldjSKY5askw2yRXyyT2rklJyROuHknjySZ/LiPDhPzqvz9t1ackYza+SXnPcv+/+eEw==</latexit>

wt+1
k = �tf̂k

<latexit sha1_base64="zobQwwFbvcgRQ+fQQR4xwQfV8NU=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIRdCMUdeGygn1AE8NkOmmHTh7M3Cgl5BPc+CtuXCji1qU7/8ZJ24W2HrhwOOde7r3HTwRXYFnfxtz8wuLScmmlvLq2vrFpbm03VZxKyho0FrFs+0QxwSPWAA6CtRPJSOgL1vIHl4XfumdS8Ti6hWHC3JD0Ih5wSkBLnnnw4A3uMjiyc3yOnSsmgGDATp9A5oQE+n6QBXnuDTyzYlWtEfAssSekgiaoe+aX041pGrIIqCBKdWwrATcjEjgVLC87qWIJoQPSYx1NIxIy5Wajh3K8r5UuDmKpKwI8Un9PZCRUahj6urM4Uk17hfif10khOHMzHiUpsIiOFwWpwBDjIh3c5ZJREENNCJVc34ppn0hCQWdY1iHY0y/PkuZx1baq9s1JpXYxiaOEdtEeOkQ2OkU1dI3qqIEoekTP6BW9GU/Gi/FufIxb54zJzA76A+PzBwCanJY=</latexit><latexit sha1_base64="zobQwwFbvcgRQ+fQQR4xwQfV8NU=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIRdCMUdeGygn1AE8NkOmmHTh7M3Cgl5BPc+CtuXCji1qU7/8ZJ24W2HrhwOOde7r3HTwRXYFnfxtz8wuLScmmlvLq2vrFpbm03VZxKyho0FrFs+0QxwSPWAA6CtRPJSOgL1vIHl4XfumdS8Ti6hWHC3JD0Ih5wSkBLnnnw4A3uMjiyc3yOnSsmgGDATp9A5oQE+n6QBXnuDTyzYlWtEfAssSekgiaoe+aX041pGrIIqCBKdWwrATcjEjgVLC87qWIJoQPSYx1NIxIy5Wajh3K8r5UuDmKpKwI8Un9PZCRUahj6urM4Uk17hfif10khOHMzHiUpsIiOFwWpwBDjIh3c5ZJREENNCJVc34ppn0hCQWdY1iHY0y/PkuZx1baq9s1JpXYxiaOEdtEeOkQ2OkU1dI3qqIEoekTP6BW9GU/Gi/FufIxb54zJzA76A+PzBwCanJY=</latexit><latexit sha1_base64="zobQwwFbvcgRQ+fQQR4xwQfV8NU=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIRdCMUdeGygn1AE8NkOmmHTh7M3Cgl5BPc+CtuXCji1qU7/8ZJ24W2HrhwOOde7r3HTwRXYFnfxtz8wuLScmmlvLq2vrFpbm03VZxKyho0FrFs+0QxwSPWAA6CtRPJSOgL1vIHl4XfumdS8Ti6hWHC3JD0Ih5wSkBLnnnw4A3uMjiyc3yOnSsmgGDATp9A5oQE+n6QBXnuDTyzYlWtEfAssSekgiaoe+aX041pGrIIqCBKdWwrATcjEjgVLC87qWIJoQPSYx1NIxIy5Wajh3K8r5UuDmKpKwI8Un9PZCRUahj6urM4Uk17hfif10khOHMzHiUpsIiOFwWpwBDjIh3c5ZJREENNCJVc34ppn0hCQWdY1iHY0y/PkuZx1baq9s1JpXYxiaOEdtEeOkQ2OkU1dI3qqIEoekTP6BW9GU/Gi/FufIxb54zJzA76A+PzBwCanJY=</latexit><latexit sha1_base64="zobQwwFbvcgRQ+fQQR4xwQfV8NU=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiCUBIRdCMUdeGygn1AE8NkOmmHTh7M3Cgl5BPc+CtuXCji1qU7/8ZJ24W2HrhwOOde7r3HTwRXYFnfxtz8wuLScmmlvLq2vrFpbm03VZxKyho0FrFs+0QxwSPWAA6CtRPJSOgL1vIHl4XfumdS8Ti6hWHC3JD0Ih5wSkBLnnnw4A3uMjiyc3yOnSsmgGDATp9A5oQE+n6QBXnuDTyzYlWtEfAssSekgiaoe+aX041pGrIIqCBKdWwrATcjEjgVLC87qWIJoQPSYx1NIxIy5Wajh3K8r5UuDmKpKwI8Un9PZCRUahj6urM4Uk17hfif10khOHMzHiUpsIiOFwWpwBDjIh3c5ZJREENNCJVc34ppn0hCQWdY1iHY0y/PkuZx1baq9s1JpXYxiaOEdtEeOkQ2OkU1dI3qqIEoekTP6BW9GU/Gi/FufIxb54zJzA76A+PzBwCanJY=</latexit>

Diffusion: u̇ = ⌫r2u
<latexit sha1_base64="tRpzZ3m/PgsTT+Y7E55J7RbTRwM=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJIUQTdC0Y3LCvYBTSyT6aQdOpmEeQgl5CPc+CtuXCji1oU7/8ZJG1BbD1w4nHPvzL0nSBiVynG+rNLS8srqWnm9srG5tb1j7+61ZawFJi0cs1h0AyQJo5y0FFWMdBNBUBQw0gnGV7nfuSdC0pjfqklC/AgNOQ0pRspIffvEG8Qq9SKkRkGY6iyDF9Dj2hQKGLqrwx8L9u2qU3OmgIvELUgVFGj27U/zOtYR4QozJGXPdRLlp0goihnJKp6WJEF4jIakZyhHEZF+Oj0qg0dGGcAwFqa4glP190SKIiknUWA68xXlvJeL/3k9rcJzP6U80YpwPPso1AyqGOYJwQEVBCs2MQRhQc2uEI+QQFiZHCsmBHf+5EXSrtdcp+benFYbl0UcZXAADsExcMEZaIBr0AQtgMEDeAIv4NV6tJ6tN+t91lqyipl98AfWxzd+N55w</latexit><latexit sha1_base64="tRpzZ3m/PgsTT+Y7E55J7RbTRwM=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJIUQTdC0Y3LCvYBTSyT6aQdOpmEeQgl5CPc+CtuXCji1oU7/8ZJG1BbD1w4nHPvzL0nSBiVynG+rNLS8srqWnm9srG5tb1j7+61ZawFJi0cs1h0AyQJo5y0FFWMdBNBUBQw0gnGV7nfuSdC0pjfqklC/AgNOQ0pRspIffvEG8Qq9SKkRkGY6iyDF9Dj2hQKGLqrwx8L9u2qU3OmgIvELUgVFGj27U/zOtYR4QozJGXPdRLlp0goihnJKp6WJEF4jIakZyhHEZF+Oj0qg0dGGcAwFqa4glP190SKIiknUWA68xXlvJeL/3k9rcJzP6U80YpwPPso1AyqGOYJwQEVBCs2MQRhQc2uEI+QQFiZHCsmBHf+5EXSrtdcp+benFYbl0UcZXAADsExcMEZaIBr0AQtgMEDeAIv4NV6tJ6tN+t91lqyipl98AfWxzd+N55w</latexit><latexit sha1_base64="tRpzZ3m/PgsTT+Y7E55J7RbTRwM=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJIUQTdC0Y3LCvYBTSyT6aQdOpmEeQgl5CPc+CtuXCji1oU7/8ZJG1BbD1w4nHPvzL0nSBiVynG+rNLS8srqWnm9srG5tb1j7+61ZawFJi0cs1h0AyQJo5y0FFWMdBNBUBQw0gnGV7nfuSdC0pjfqklC/AgNOQ0pRspIffvEG8Qq9SKkRkGY6iyDF9Dj2hQKGLqrwx8L9u2qU3OmgIvELUgVFGj27U/zOtYR4QozJGXPdRLlp0goihnJKp6WJEF4jIakZyhHEZF+Oj0qg0dGGcAwFqa4glP190SKIiknUWA68xXlvJeL/3k9rcJzP6U80YpwPPso1AyqGOYJwQEVBCs2MQRhQc2uEI+QQFiZHCsmBHf+5EXSrtdcp+benFYbl0UcZXAADsExcMEZaIBr0AQtgMEDeAIv4NV6tJ6tN+t91lqyipl98AfWxzd+N55w</latexit><latexit sha1_base64="tRpzZ3m/PgsTT+Y7E55J7RbTRwM=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQhJIUQTdC0Y3LCvYBTSyT6aQdOpmEeQgl5CPc+CtuXCji1oU7/8ZJG1BbD1w4nHPvzL0nSBiVynG+rNLS8srqWnm9srG5tb1j7+61ZawFJi0cs1h0AyQJo5y0FFWMdBNBUBQw0gnGV7nfuSdC0pjfqklC/AgNOQ0pRspIffvEG8Qq9SKkRkGY6iyDF9Dj2hQKGLqrwx8L9u2qU3OmgIvELUgVFGj27U/zOtYR4QozJGXPdRLlp0goihnJKp6WJEF4jIakZyhHEZF+Oj0qg0dGGcAwFqa4glP190SKIiknUWA68xXlvJeL/3k9rcJzP6U80YpwPPso1AyqGOYJwQEVBCs2MQRhQc2uEI+QQFiZHCsmBHf+5EXSrtdcp+benFYbl0UcZXAADsExcMEZaIBr0AQtgMEDeAIv4NV6tJ6tN+t91lqyipl98AfWxzd+N55w</latexit>

u =
rX

i=1

wi i

<latexit sha1_base64="chcBWt5FcMOW7acVm+PvrirrLGw=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSkYE3RSKblxWsA9oYphMJu3QyYN5KCXkO9z4K25cKOJO3Pg3TtoutPXAMIdz7uXee4KMM6kc59taWl5ZXVuvbFQ3t7Z3du29/Y5MtSC0TVKeil6AJeUsoW3FFKe9TFAcB5x2g9FV6XfvqZAsTW7VOKNejAcJixjByki+jdwYq2EQ5bqADehKHfs5a6DiTsAHn0E3SHkox7H5crclWeEz3645dWcCuEjQjNTADC3f/nTDlOiYJopwLGUfOZnyciwUI5wWVVdLmmEywgPaNzTBMZVePjmtgMdGCWGUCvMSBSfq744cx7Lcz1SWh8h5rxT/8/paRRdezpJMK5qQ6aBIc6hSWOYEQyYoUXxsCCaCmV0hGWKBiTJpVk0IaP7kRdI5rSOnjm7Oas3LWRwVcAiOwAlA4Bw0wTVogTYg4BE8g1fwZj1ZL9a79TEtXbJmPQfgD6yvH8hgoVY=</latexit><latexit sha1_base64="chcBWt5FcMOW7acVm+PvrirrLGw=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSkYE3RSKblxWsA9oYphMJu3QyYN5KCXkO9z4K25cKOJO3Pg3TtoutPXAMIdz7uXee4KMM6kc59taWl5ZXVuvbFQ3t7Z3du29/Y5MtSC0TVKeil6AJeUsoW3FFKe9TFAcB5x2g9FV6XfvqZAsTW7VOKNejAcJixjByki+jdwYq2EQ5bqADehKHfs5a6DiTsAHn0E3SHkox7H5crclWeEz3645dWcCuEjQjNTADC3f/nTDlOiYJopwLGUfOZnyciwUI5wWVVdLmmEywgPaNzTBMZVePjmtgMdGCWGUCvMSBSfq744cx7Lcz1SWh8h5rxT/8/paRRdezpJMK5qQ6aBIc6hSWOYEQyYoUXxsCCaCmV0hGWKBiTJpVk0IaP7kRdI5rSOnjm7Oas3LWRwVcAiOwAlA4Bw0wTVogTYg4BE8g1fwZj1ZL9a79TEtXbJmPQfgD6yvH8hgoVY=</latexit><latexit sha1_base64="chcBWt5FcMOW7acVm+PvrirrLGw=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSkYE3RSKblxWsA9oYphMJu3QyYN5KCXkO9z4K25cKOJO3Pg3TtoutPXAMIdz7uXee4KMM6kc59taWl5ZXVuvbFQ3t7Z3du29/Y5MtSC0TVKeil6AJeUsoW3FFKe9TFAcB5x2g9FV6XfvqZAsTW7VOKNejAcJixjByki+jdwYq2EQ5bqADehKHfs5a6DiTsAHn0E3SHkox7H5crclWeEz3645dWcCuEjQjNTADC3f/nTDlOiYJopwLGUfOZnyciwUI5wWVVdLmmEywgPaNzTBMZVePjmtgMdGCWGUCvMSBSfq744cx7Lcz1SWh8h5rxT/8/paRRdezpJMK5qQ6aBIc6hSWOYEQyYoUXxsCCaCmV0hGWKBiTJpVk0IaP7kRdI5rSOnjm7Oas3LWRwVcAiOwAlA4Bw0wTVogTYg4BE8g1fwZj1ZL9a79TEtXbJmPQfgD6yvH8hgoVY=</latexit><latexit sha1_base64="chcBWt5FcMOW7acVm+PvrirrLGw=">AAACGnicbVDLSsNAFJ34rPUVdelmsAiuSkYE3RSKblxWsA9oYphMJu3QyYN5KCXkO9z4K25cKOJO3Pg3TtoutPXAMIdz7uXee4KMM6kc59taWl5ZXVuvbFQ3t7Z3du29/Y5MtSC0TVKeil6AJeUsoW3FFKe9TFAcB5x2g9FV6XfvqZAsTW7VOKNejAcJixjByki+jdwYq2EQ5bqADehKHfs5a6DiTsAHn0E3SHkox7H5crclWeEz3645dWcCuEjQjNTADC3f/nTDlOiYJopwLGUfOZnyciwUI5wWVVdLmmEywgPaNzTBMZVePjmtgMdGCWGUCvMSBSfq744cx7Lcz1SWh8h5rxT/8/paRRdezpJMK5qQ6aBIc6hSWOYEQyYoUXxsCCaCmV0hGWKBiTJpVk0IaP7kRdI5rSOnjm7Oas3LWRwVcAiOwAlA4Bw0wTVogTYg4BE8g1fwZj1ZL9a79TEtXbJmPQfgD6yvH8hgoVY=</latexit>

r2 i = �i i
<latexit sha1_base64="p59FOGACpSyxM2Xh2Wj/9aLwUXM=">AAACJXicbVBNSwMxEJ312/q1KnjxEiyCp7Lbix4URC8eK9hW6K51NptqaDa7JFmhLP0zXvwrXjwoInjRv2LaetC2D0Ie780kMy/KBNfG8z6dmdm5+YXFpeXSyura+oa7udXQaa4oq9NUpOo6Qs0El6xuuBHsOlMMk0iwZtQ9H/jNB6Y0T+WV6WUsTPBO8g6naKzUdo8DiZHAmyoJolTEupfYqwhqmvfbnJyQQNi3YrR8it92y17FG4JMEv+XlE93Lr9uAaDWdt+COKV5wqShArVu+V5mwgKV4VSwfinINcuQdvGOtSyVmDAdFsMt+2TfKjHppMoeachQ/dtRYKIH89nKBM29HvcG4jSvlZvOUVhwmeWGSTr6qJMLYlIyiIzEXDFqRM8SpIrbWQm9R4XU2GBLNgR/fOVJ0qhWfK/iX9o0zmCEJdiFPTgAHw7hFC6gBnWg8AjP8ApvzpPz4rw7H6PSGee3Zxv+wfn+ARCnp8Y=</latexit><latexit sha1_base64="/HmIs4bmH1OmfAhgD4MGVoXChXQ=">AAACJXicbVDLSgMxFM34rPU1KrhxEyyCqzLTjS4USt24bME+oFPLnUzahmYyQ5IRytCfcePKv3DhxoVFBDf6K6aPhbY9EHI4597k3uPHnCntOF/Wyura+sZmZiu7vbO7t28fHNZUlEhCqyTikWz4oChnglY105w2Ykkh9Dmt+/2bsV9/oFKxSNzpQUxbIXQF6zAC2kht+8oT4HO4L2DPj3igBqG5Uq+s2LDN8DX2uHkrAMOX+G075+SdCfAicWckVzyufLPn0ku5bY+8ICJJSIUmHJRquk6sWylIzQinw6yXKBoD6UOXNg0VEFLVSidbDvGZUQLciaQ5QuOJ+rcjhVCN5zOVIeiemvfG4jKvmejOZStlIk40FWT6USfhWEd4HBkOmKRE84EhQCQzs2LSAwlEm2CzJgR3fuVFUivkXSfvVkwaJTRFBp2gU3SOXHSBiugWlVEVEfSIXtE7GllP1pv1YX1OS1esWc8R+gfr5xdh6KmC</latexit><latexit sha1_base64="/HmIs4bmH1OmfAhgD4MGVoXChXQ=">AAACJXicbVDLSgMxFM34rPU1KrhxEyyCqzLTjS4USt24bME+oFPLnUzahmYyQ5IRytCfcePKv3DhxoVFBDf6K6aPhbY9EHI4597k3uPHnCntOF/Wyura+sZmZiu7vbO7t28fHNZUlEhCqyTikWz4oChnglY105w2Ykkh9Dmt+/2bsV9/oFKxSNzpQUxbIXQF6zAC2kht+8oT4HO4L2DPj3igBqG5Uq+s2LDN8DX2uHkrAMOX+G075+SdCfAicWckVzyufLPn0ku5bY+8ICJJSIUmHJRquk6sWylIzQinw6yXKBoD6UOXNg0VEFLVSidbDvGZUQLciaQ5QuOJ+rcjhVCN5zOVIeiemvfG4jKvmejOZStlIk40FWT6USfhWEd4HBkOmKRE84EhQCQzs2LSAwlEm2CzJgR3fuVFUivkXSfvVkwaJTRFBp2gU3SOXHSBiugWlVEVEfSIXtE7GllP1pv1YX1OS1esWc8R+gfr5xdh6KmC</latexit><latexit sha1_base64="6GfflqZju64lu+i3hOGEiVlHKgk=">AAACJXicbVDLSgMxFM34rPU16tJNsAiuykw3ulAounFZwT6gU8udTNqGZpIhyQhl6M+48VfcuLCI4MpfMdN2oW0PhBzOuTe594QJZ9p43reztr6xubVd2Cnu7u0fHLpHxw0tU0VonUguVSsETTkTtG6Y4bSVKApxyGkzHN7lfvOZKs2keDSjhHZi6AvWYwSMlbrudSAg5PBUwUEoeaRHsb2yoKbZuMvwDQ64fSsCy1f4Xbfklb0p8DLx56SE5qh13UkQSZLGVBjCQeu27yWmk4EyjHA6LgappgmQIfRp21IBMdWdbLrlGJ9bJcI9qewRBk/Vvx0ZxDqfz1bGYAZ60cvFVV47Nb2rTsZEkhoqyOyjXsqxkTiPDEdMUWL4yBIgitlZMRmAAmJssEUbgr+48jJpVMq+V/YfvFL1dh5HAZ2iM3SBfHSJquge1VAdEfSC3tAHmjivzrvz6XzNStecec8J+gfn5xeCAKXh</latexit>

f̂k = f · k
<latexit sha1_base64="2H/S/Otdpu7lrhN0LN/XvnA/dY4=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiqAuh6MZlBfuAzjBkMpk2NDMZkjtCGfotbvwVNy4UdSX4MWbagtp6IeTk3HPJuSdIBddg259WaWl5ZXWtvF7Z2Nza3qnu7rW1zBRlLSqFVN2AaCZ4wlrAQbBuqhiJA8E6wfC66HfumdJcJncwSpkXk37CI04JGMqvXrgDArkbExgEUR6Nx/4QX+KfN3ZpKAG7gRShHsXmyt2m5kbmV2t23Z4UXgTODNTQrJp+9d0NJc1ilgAVROueY6fg5UQBp4KNK26mWUrokPRZz8CExEx7+WTFMT4yTIgjqcxJAE/Y3xM5iXXhzygL73q+V5D/9XoZROdezpM0A5bQ6UdRJjBIXOSFQ64YBTEygFDFjVdMB0QRCibVignBmV95EbRP6o5dd25Pa42rWRxldIAO0TFy0BlqoBvURC1E0QN6Qi/o1Xq0nq0362MqLVmzmX30p6yvbxDWpTg=</latexit><latexit sha1_base64="2H/S/Otdpu7lrhN0LN/XvnA/dY4=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiqAuh6MZlBfuAzjBkMpk2NDMZkjtCGfotbvwVNy4UdSX4MWbagtp6IeTk3HPJuSdIBddg259WaWl5ZXWtvF7Z2Nza3qnu7rW1zBRlLSqFVN2AaCZ4wlrAQbBuqhiJA8E6wfC66HfumdJcJncwSpkXk37CI04JGMqvXrgDArkbExgEUR6Nx/4QX+KfN3ZpKAG7gRShHsXmyt2m5kbmV2t23Z4UXgTODNTQrJp+9d0NJc1ilgAVROueY6fg5UQBp4KNK26mWUrokPRZz8CExEx7+WTFMT4yTIgjqcxJAE/Y3xM5iXXhzygL73q+V5D/9XoZROdezpM0A5bQ6UdRJjBIXOSFQ64YBTEygFDFjVdMB0QRCibVignBmV95EbRP6o5dd25Pa42rWRxldIAO0TFy0BlqoBvURC1E0QN6Qi/o1Xq0nq0362MqLVmzmX30p6yvbxDWpTg=</latexit><latexit sha1_base64="2H/S/Otdpu7lrhN0LN/XvnA/dY4=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiqAuh6MZlBfuAzjBkMpk2NDMZkjtCGfotbvwVNy4UdSX4MWbagtp6IeTk3HPJuSdIBddg259WaWl5ZXWtvF7Z2Nza3qnu7rW1zBRlLSqFVN2AaCZ4wlrAQbBuqhiJA8E6wfC66HfumdJcJncwSpkXk37CI04JGMqvXrgDArkbExgEUR6Nx/4QX+KfN3ZpKAG7gRShHsXmyt2m5kbmV2t23Z4UXgTODNTQrJp+9d0NJc1ilgAVROueY6fg5UQBp4KNK26mWUrokPRZz8CExEx7+WTFMT4yTIgjqcxJAE/Y3xM5iXXhzygL73q+V5D/9XoZROdezpM0A5bQ6UdRJjBIXOSFQ64YBTEygFDFjVdMB0QRCibVignBmV95EbRP6o5dd25Pa42rWRxldIAO0TFy0BlqoBvURC1E0QN6Qi/o1Xq0nq0362MqLVmzmX30p6yvbxDWpTg=</latexit><latexit sha1_base64="2H/S/Otdpu7lrhN0LN/XvnA/dY4=">AAACInicbVDLSgMxFM3UV62vqks3wSK4KjMiqAuh6MZlBfuAzjBkMpk2NDMZkjtCGfotbvwVNy4UdSX4MWbagtp6IeTk3HPJuSdIBddg259WaWl5ZXWtvF7Z2Nza3qnu7rW1zBRlLSqFVN2AaCZ4wlrAQbBuqhiJA8E6wfC66HfumdJcJncwSpkXk37CI04JGMqvXrgDArkbExgEUR6Nx/4QX+KfN3ZpKAG7gRShHsXmyt2m5kbmV2t23Z4UXgTODNTQrJp+9d0NJc1ilgAVROueY6fg5UQBp4KNK26mWUrokPRZz8CExEx7+WTFMT4yTIgjqcxJAE/Y3xM5iXXhzygL73q+V5D/9XoZROdezpM0A5bQ6UdRJjBIXOSFQ64YBTEygFDFjVdMB0QRCibVignBmV95EbRP6o5dd25Pa42rWRxldIAO0TFy0BlqoBvURC1E0QN6Qi/o1Xq0nq0362MqLVmzmX30p6yvbxDWpTg=</latexit>

External force: u̇ = f
<latexit sha1_base64="hm3gO62eQOySQhbPCYXiC3P1X7Y=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsyIoBuh6MZlBfuAdiiZNNOGZjJDckcow6zc+CtuXCji1m9w59+YaUfQ1gOBk3PuTe49fiy4Bsf5skpLyyura+X1ysbm1vaOvbvX0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr3O/fc+U5pG8g0nMvJAMJQ84JWCkvn3YG0SQ9kICIz9IkyzDl/jnFmR9u+rUnCnwInELUkUFGn3707xHk5BJoIJo3XWdGLyUKOBUsKzSSzSLCR2TIesaKknItJdO18jwsVEGOIiUORLwVP3dkZJQ60nom8p8Qj3v5eJ/XjeB4MJLuYwTYJLOPgoSgSHCeSZ4wBWjICaGEKq4mRXTEVGEgkmuYkJw51deJK3TmuvU3Nuzav2qiKOMDtAROkEuOkd1dIMaqIkoekBP6AW9Wo/Ws/Vmvc9KS1bRs4/+wPr4BsVrmUw=</latexit><latexit sha1_base64="hm3gO62eQOySQhbPCYXiC3P1X7Y=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsyIoBuh6MZlBfuAdiiZNNOGZjJDckcow6zc+CtuXCji1m9w59+YaUfQ1gOBk3PuTe49fiy4Bsf5skpLyyura+X1ysbm1vaOvbvX0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr3O/fc+U5pG8g0nMvJAMJQ84JWCkvn3YG0SQ9kICIz9IkyzDl/jnFmR9u+rUnCnwInELUkUFGn3707xHk5BJoIJo3XWdGLyUKOBUsKzSSzSLCR2TIesaKknItJdO18jwsVEGOIiUORLwVP3dkZJQ60nom8p8Qj3v5eJ/XjeB4MJLuYwTYJLOPgoSgSHCeSZ4wBWjICaGEKq4mRXTEVGEgkmuYkJw51deJK3TmuvU3Nuzav2qiKOMDtAROkEuOkd1dIMaqIkoekBP6AW9Wo/Ws/Vmvc9KS1bRs4/+wPr4BsVrmUw=</latexit><latexit sha1_base64="hm3gO62eQOySQhbPCYXiC3P1X7Y=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsyIoBuh6MZlBfuAdiiZNNOGZjJDckcow6zc+CtuXCji1m9w59+YaUfQ1gOBk3PuTe49fiy4Bsf5skpLyyura+X1ysbm1vaOvbvX0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr3O/fc+U5pG8g0nMvJAMJQ84JWCkvn3YG0SQ9kICIz9IkyzDl/jnFmR9u+rUnCnwInELUkUFGn3707xHk5BJoIJo3XWdGLyUKOBUsKzSSzSLCR2TIesaKknItJdO18jwsVEGOIiUORLwVP3dkZJQ60nom8p8Qj3v5eJ/XjeB4MJLuYwTYJLOPgoSgSHCeSZ4wBWjICaGEKq4mRXTEVGEgkmuYkJw51deJK3TmuvU3Nuzav2qiKOMDtAROkEuOkd1dIMaqIkoekBP6AW9Wo/Ws/Vmvc9KS1bRs4/+wPr4BsVrmUw=</latexit><latexit sha1_base64="hm3gO62eQOySQhbPCYXiC3P1X7Y=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsyIoBuh6MZlBfuAdiiZNNOGZjJDckcow6zc+CtuXCji1m9w59+YaUfQ1gOBk3PuTe49fiy4Bsf5skpLyyura+X1ysbm1vaOvbvX0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr3O/fc+U5pG8g0nMvJAMJQ84JWCkvn3YG0SQ9kICIz9IkyzDl/jnFmR9u+rUnCnwInELUkUFGn3707xHk5BJoIJo3XWdGLyUKOBUsKzSSzSLCR2TIesaKknItJdO18jwsVEGOIiUORLwVP3dkZJQ60nom8p8Qj3v5eJ/XjeB4MJLuYwTYJLOPgoSgSHCeSZ4wBWjICaGEKq4mRXTEVGEgkmuYkJw51deJK3TmuvU3Nuzav2qiKOMDtAROkEuOkd1dIMaqIkoekBP6AW9Wo/Ws/Vmvc9KS1bRs4/+wPr4BsVrmUw=</latexit>
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Advection

u̇ = �u ·ru
<latexit sha1_base64="SMjNsUxA5bbHEzcVtKajRDYEGKU=">AAACIHicbVDLSsNAFL2pr1pfVZduBovgxpKIUDdC0Y3LCvYBTSiT6aQdOpmEmYlQQj7Fjb/ixoUiutOvcdIWrK0HBs6ccy/33uPHnClt219WYWV1bX2juFna2t7Z3SvvH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y9ucr/9QKVikbjX45h6IR4IFjCCtZF65Zrbj3TqhlgP/SBNsgxdoTP0+0cuMQXIFdjneE7vlSt21Z4ALRNnRiowQ6NX/jSTSBJSoQnHSnUdO9ZeiqVmhNOs5CaKxpiM8IB2DRU4pMpLJwdm6MQofRRE0jyh0USd70hxqNQ49E1lvqFa9HLxP6+b6ODSS5mIE00FmQ4KEo50hPK0UJ9JSjQfG4KJZGZXRIZYYqJNpiUTgrN48jJpnVcdu+rcXVTq17M4inAEx3AKDtSgDrfQgCYQeIRneIU368l6sd6tj2lpwZr1HMIfWN8/R8ijpw==</latexit><latexit sha1_base64="SMjNsUxA5bbHEzcVtKajRDYEGKU=">AAACIHicbVDLSsNAFL2pr1pfVZduBovgxpKIUDdC0Y3LCvYBTSiT6aQdOpmEmYlQQj7Fjb/ixoUiutOvcdIWrK0HBs6ccy/33uPHnClt219WYWV1bX2juFna2t7Z3SvvH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y9ucr/9QKVikbjX45h6IR4IFjCCtZF65Zrbj3TqhlgP/SBNsgxdoTP0+0cuMQXIFdjneE7vlSt21Z4ALRNnRiowQ6NX/jSTSBJSoQnHSnUdO9ZeiqVmhNOs5CaKxpiM8IB2DRU4pMpLJwdm6MQofRRE0jyh0USd70hxqNQ49E1lvqFa9HLxP6+b6ODSS5mIE00FmQ4KEo50hPK0UJ9JSjQfG4KJZGZXRIZYYqJNpiUTgrN48jJpnVcdu+rcXVTq17M4inAEx3AKDtSgDrfQgCYQeIRneIU368l6sd6tj2lpwZr1HMIfWN8/R8ijpw==</latexit><latexit sha1_base64="SMjNsUxA5bbHEzcVtKajRDYEGKU=">AAACIHicbVDLSsNAFL2pr1pfVZduBovgxpKIUDdC0Y3LCvYBTSiT6aQdOpmEmYlQQj7Fjb/ixoUiutOvcdIWrK0HBs6ccy/33uPHnClt219WYWV1bX2juFna2t7Z3SvvH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y9ucr/9QKVikbjX45h6IR4IFjCCtZF65Zrbj3TqhlgP/SBNsgxdoTP0+0cuMQXIFdjneE7vlSt21Z4ALRNnRiowQ6NX/jSTSBJSoQnHSnUdO9ZeiqVmhNOs5CaKxpiM8IB2DRU4pMpLJwdm6MQofRRE0jyh0USd70hxqNQ49E1lvqFa9HLxP6+b6ODSS5mIE00FmQ4KEo50hPK0UJ9JSjQfG4KJZGZXRIZYYqJNpiUTgrN48jJpnVcdu+rcXVTq17M4inAEx3AKDtSgDrfQgCYQeIRneIU368l6sd6tj2lpwZr1HMIfWN8/R8ijpw==</latexit><latexit sha1_base64="SMjNsUxA5bbHEzcVtKajRDYEGKU=">AAACIHicbVDLSsNAFL2pr1pfVZduBovgxpKIUDdC0Y3LCvYBTSiT6aQdOpmEmYlQQj7Fjb/ixoUiutOvcdIWrK0HBs6ccy/33uPHnClt219WYWV1bX2juFna2t7Z3SvvH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y9ucr/9QKVikbjX45h6IR4IFjCCtZF65Zrbj3TqhlgP/SBNsgxdoTP0+0cuMQXIFdjneE7vlSt21Z4ALRNnRiowQ6NX/jSTSBJSoQnHSnUdO9ZeiqVmhNOs5CaKxpiM8IB2DRU4pMpLJwdm6MQofRRE0jyh0USd70hxqNQ49E1lvqFa9HLxP6+b6ODSS5mIE00FmQ4KEo50hPK0UJ9JSjQfG4KJZGZXRIZYYqJNpiUTgrN48jJpnVcdu+rcXVTq17M4inAEx3AKDtSgDrfQgCYQeIRneIU368l6sd6tj2lpwZr1HMIfWN8/R8ijpw==</latexit>

!̇ = r⇥ (! ⇥ u)
<latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit><latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit><latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="NiAZQfefNRuRi/ptGvhnHn7Hy6c=">AAACL3icbVA9SwNBEJ3z2/gVbW0WRdAm3NloIwg2lhGMCrkQ5jZ7cXFv99idE8Jxv8vGX2FnYWOhiH/CvRjBr4FlH+/NMG9ekivpKAwfg6npmdm5+YXFxtLyyupac335wpnCctHhRhl7laATSmrRIUlKXOVWYJYocZncnNT65a2wThp9TqNc9DIcaplKjuSpfvMsHhgq48SogRtl/itjk4khVhU7YrHGRCGLSWbCsd1/ur60OEO6TtKyqPb6ze2wFY6L/QXRBGzDpNr95oP3wItMaOIKnetGYU69Ei1JrkTViAsncuQ3OBRdDzX6hb1yfHrFdjwzYKmx/mliY/b7RImZqy37ztqi+63V5H9at6D0sFdKnRckNP9clBaKkWF1jmwgreCkRh4gt9J7ZfwaLXLyaTd8CNHvk/+Ci/1WFLaisxAWYBO2YBciOIBjOIU2dIDDHTzBC7wG98Fz8PYZ11QwyW0DflTw/gFKDK2K</latexit><latexit sha1_base64="NiAZQfefNRuRi/ptGvhnHn7Hy6c=">AAACL3icbVA9SwNBEJ3z2/gVbW0WRdAm3NloIwg2lhGMCrkQ5jZ7cXFv99idE8Jxv8vGX2FnYWOhiH/CvRjBr4FlH+/NMG9ekivpKAwfg6npmdm5+YXFxtLyyupac335wpnCctHhRhl7laATSmrRIUlKXOVWYJYocZncnNT65a2wThp9TqNc9DIcaplKjuSpfvMsHhgq48SogRtl/itjk4khVhU7YrHGRCGLSWbCsd1/ur60OEO6TtKyqPb6ze2wFY6L/QXRBGzDpNr95oP3wItMaOIKnetGYU69Ei1JrkTViAsncuQ3OBRdDzX6hb1yfHrFdjwzYKmx/mliY/b7RImZqy37ztqi+63V5H9at6D0sFdKnRckNP9clBaKkWF1jmwgreCkRh4gt9J7ZfwaLXLyaTd8CNHvk/+Ci/1WFLaisxAWYBO2YBciOIBjOIU2dIDDHTzBC7wG98Fz8PYZ11QwyW0DflTw/gFKDK2K</latexit><latexit sha1_base64="rV6XGMeP5jGkQ/mkohl4Wr81/Tg=">AAACOnicbVA9SwNBEN3z2/gVtbRZDEJswp2NNkLQxlLBJEIuhLnNXrK4t3vszgnhuN9l46+ws7CxUMTWH+BejODXwLKP92aYNy9KpbDo+w/ezOzc/MLi0nJlZXVtfaO6udW2OjOMt5iW2lxFYLkUirdQoORXqeGQRJJ3ouvTUu/ccGOFVpc4TnkvgaESsWCAjupXL8KBxjyMtBzYceK+PNQJH0JR0GMaKogk0BBFwi2t/9P1pYUJ4CiK86zY71drfsOfFP0LgimokWmd96v3zgPLEq6QSbC2G/gp9nIwKJjkRSXMLE+BXcOQdx1U4Bb28snpBd1zzIDG2rinkE7Y7xM5JLa07DpLi/a3VpL/ad0M46NeLlSaIVfsc1GcSYqaljnSgTCcoRw7AMwI55WyERhg6NKuuBCC3yf/Be2DRuA3ggu/1jyZxrFEdsguqZOAHJImOSPnpEUYuSWP5Jm8eHfek/fqvX22znjTmW3yo7z3D8b2rys=</latexit><latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit><latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit><latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit><latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit><latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit><latexit sha1_base64="C0irw5cEoaGdS0Zo7MPXDazSuQI="></latexit>
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r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit> r

<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>



Dynamics
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Dirichlet:
Neumann:

OK
Blows up

[De Witt et al. 2012]

�h = r⇥ h
<latexit sha1_base64="iBSKhT9sMcINK80LiNfgHs1gFhE=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi6EYounFZwT6gCWEymTRDJzNhZiKU0H9w46+4caGIWzfu/BsnbRbaemCYwzn3cu89Ycao0o7zbS0tr6yurdc26ptb2zu79t5+V4lcYtLBggnZD5EijHLS0VQz0s8kQWnISC8c3ZR+74FIRQW/1+OM+CkachpTjLSRAvvUyxIaJPAKehyFDEFP05Qo6IWCRWqcmq/w2opOgiSwG07TmQIuErciDVChHdhfXiRwnhKuMUNKDVwn036BpKaYkUndyxXJEB6hIRkYypEZ7BfTmybw2CgRjIU0j2s4VX93FChV5X6mMkU6UfNeKf7nDXIdX/oF5VmuCcezQXHOoBawDAhGVBKs2dgQhCU1u0KcIImwNjHWTQju/MmLpHvWdJ2me3feaF1XcdTAITgCJ8AFF6AFbkEbdAAGj+AZvII368l6sd6tj1npklX1HIA/sD5/AM3WniI=</latexit><latexit sha1_base64="iBSKhT9sMcINK80LiNfgHs1gFhE=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi6EYounFZwT6gCWEymTRDJzNhZiKU0H9w46+4caGIWzfu/BsnbRbaemCYwzn3cu89Ycao0o7zbS0tr6yurdc26ptb2zu79t5+V4lcYtLBggnZD5EijHLS0VQz0s8kQWnISC8c3ZR+74FIRQW/1+OM+CkachpTjLSRAvvUyxIaJPAKehyFDEFP05Qo6IWCRWqcmq/w2opOgiSwG07TmQIuErciDVChHdhfXiRwnhKuMUNKDVwn036BpKaYkUndyxXJEB6hIRkYypEZ7BfTmybw2CgRjIU0j2s4VX93FChV5X6mMkU6UfNeKf7nDXIdX/oF5VmuCcezQXHOoBawDAhGVBKs2dgQhCU1u0KcIImwNjHWTQju/MmLpHvWdJ2me3feaF1XcdTAITgCJ8AFF6AFbkEbdAAGj+AZvII368l6sd6tj1npklX1HIA/sD5/AM3WniI=</latexit><latexit sha1_base64="iBSKhT9sMcINK80LiNfgHs1gFhE=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi6EYounFZwT6gCWEymTRDJzNhZiKU0H9w46+4caGIWzfu/BsnbRbaemCYwzn3cu89Ycao0o7zbS0tr6yurdc26ptb2zu79t5+V4lcYtLBggnZD5EijHLS0VQz0s8kQWnISC8c3ZR+74FIRQW/1+OM+CkachpTjLSRAvvUyxIaJPAKehyFDEFP05Qo6IWCRWqcmq/w2opOgiSwG07TmQIuErciDVChHdhfXiRwnhKuMUNKDVwn036BpKaYkUndyxXJEB6hIRkYypEZ7BfTmybw2CgRjIU0j2s4VX93FChV5X6mMkU6UfNeKf7nDXIdX/oF5VmuCcezQXHOoBawDAhGVBKs2dgQhCU1u0KcIImwNjHWTQju/MmLpHvWdJ2me3feaF1XcdTAITgCJ8AFF6AFbkEbdAAGj+AZvII368l6sd6tj1npklX1HIA/sD5/AM3WniI=</latexit><latexit sha1_base64="iBSKhT9sMcINK80LiNfgHs1gFhE=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi6EYounFZwT6gCWEymTRDJzNhZiKU0H9w46+4caGIWzfu/BsnbRbaemCYwzn3cu89Ycao0o7zbS0tr6yurdc26ptb2zu79t5+V4lcYtLBggnZD5EijHLS0VQz0s8kQWnISC8c3ZR+74FIRQW/1+OM+CkachpTjLSRAvvUyxIaJPAKehyFDEFP05Qo6IWCRWqcmq/w2opOgiSwG07TmQIuErciDVChHdhfXiRwnhKuMUNKDVwn036BpKaYkUndyxXJEB6hIRkYypEZ7BfTmybw2CgRjIU0j2s4VX93FChV5X6mMkU6UfNeKf7nDXIdX/oF5VmuCcezQXHOoBawDAhGVBKs2dgQhCU1u0KcIImwNjHWTQju/MmLpHvWdJ2me3feaF1XcdTAITgCJ8AFF6AFbkEbdAAGj+AZvII368l6sd6tj1npklX1HIA/sD5/AM3WniI=</latexit>



Dynamics

[Liu et al. 2015]

Dirichlet:
Neumann:

OK
OK

41

C(g, h, i) = �C(h, g, i)
<latexit sha1_base64="GM9/KJ7mNBbz3+Zzan6Piy7Z4+U="></latexit><latexit sha1_base64="GM9/KJ7mNBbz3+Zzan6Piy7Z4+U="></latexit><latexit sha1_base64="GM9/KJ7mNBbz3+Zzan6Piy7Z4+U="></latexit><latexit sha1_base64="GM9/KJ7mNBbz3+Zzan6Piy7Z4+U="></latexit>



Outline

• Previous work
• Laplacian Eigenfluids
• Our methods
• Analytical basis functions with DCT
• Dynamics
• Other features

• Results
• Conclusions and future work

42



43

Tensor Compression

O(r2)
<latexit sha1_base64="7LKVfhWcRrz56YXujpdDOuSisUA="></latexit><latexit sha1_base64="7LKVfhWcRrz56YXujpdDOuSisUA="></latexit><latexit sha1_base64="7LKVfhWcRrz56YXujpdDOuSisUA="></latexit><latexit sha1_base64="7LKVfhWcRrz56YXujpdDOuSisUA="></latexit>

Dirichlet:

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>
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Tensor Compression

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>

O(r2.5)
<latexit sha1_base64="LqDkCiYTzFvRLEwNqz9G5tTBQ4o="></latexit><latexit sha1_base64="LqDkCiYTzFvRLEwNqz9G5tTBQ4o="></latexit><latexit sha1_base64="LqDkCiYTzFvRLEwNqz9G5tTBQ4o="></latexit><latexit sha1_base64="LqDkCiYTzFvRLEwNqz9G5tTBQ4o="></latexit>

One Neumann direction:

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>
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Tensor Compression

O(r3)
<latexit sha1_base64="BaQg2lRpNP2yYnj4P3PsSeDlzes="></latexit><latexit sha1_base64="BaQg2lRpNP2yYnj4P3PsSeDlzes="></latexit><latexit sha1_base64="BaQg2lRpNP2yYnj4P3PsSeDlzes="></latexit><latexit sha1_base64="BaQg2lRpNP2yYnj4P3PsSeDlzes="></latexit>

Two Neumann directions:

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>

r
<latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit><latexit sha1_base64="uLpVqMDtsLCAbFikJhMGiu0tl7o="></latexit>



Tensor Sparsity

Dirichlet

One Neumann direction

Two Neumann directions

Three Neumann directions

O(r2)
<latexit sha1_base64="7LKVfhWcRrz56YXujpdDOuSisUA="></latexit><latexit sha1_base64="7LKVfhWcRrz56YXujpdDOuSisUA="></latexit><latexit sha1_base64="7LKVfhWcRrz56YXujpdDOuSisUA="></latexit><latexit sha1_base64="7LKVfhWcRrz56YXujpdDOuSisUA="></latexit>

O(r2+
1
3 )

<latexit sha1_base64="lcWu9zz2x7ZPQGmk0o3zzh0npUg="></latexit><latexit sha1_base64="lcWu9zz2x7ZPQGmk0o3zzh0npUg="></latexit><latexit sha1_base64="lcWu9zz2x7ZPQGmk0o3zzh0npUg="></latexit><latexit sha1_base64="lcWu9zz2x7ZPQGmk0o3zzh0npUg="></latexit>

O(r2+
2
3 )

<latexit sha1_base64="F5t4naT966oO0kWg+VKn06ZOVhA="></latexit><latexit sha1_base64="F5t4naT966oO0kWg+VKn06ZOVhA="></latexit><latexit sha1_base64="F5t4naT966oO0kWg+VKn06ZOVhA="></latexit><latexit sha1_base64="F5t4naT966oO0kWg+VKn06ZOVhA="></latexit>

O(r3)
<latexit sha1_base64="BaQg2lRpNP2yYnj4P3PsSeDlzes="></latexit><latexit sha1_base64="BaQg2lRpNP2yYnj4P3PsSeDlzes="></latexit><latexit sha1_base64="BaQg2lRpNP2yYnj4P3PsSeDlzes="></latexit><latexit sha1_base64="BaQg2lRpNP2yYnj4P3PsSeDlzes="></latexit>
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Tensor Compression
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98%
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Tensor Compression

0% discarded, Tensor memory: 26 GB
48



Tensor Compression

100% discarded, Tensor memory: 0 MB
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Reference, Tensor memory: 26 GB



Tensor Compression

99.9% discarded, Tensor memory: 26 MB
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Reference, Tensor memory: 26 GB



Default tensor

c = 0.0005
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Directable Dynamics



Mixed positive and negative weights

Negative weight, c = 0.0005
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Directable Dynamics



Outline

• Previous work
• Laplacian Eigenfluids
• Our methods
• Results
• Conclusions and future work
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• Colliding jets

200 basis functions
[DeWitt et al.] memory: 52 GB
Our Memory: 0.9 GB 54

Scaling effects



3K basis functions
[DeWitt et al.] memory: 0.76 TB
Our Memory: 1.3 GB 55



24K basis functions
[DeWitt et al.] memory: 6.1 TB
Our Memory: 26 GB 56



200 basis functions
[DeWitt et al.] memory: 38 GB
Our Memory: 0.9 GB 57

Paddle Wheel



4 K basis functions
[DeWitt et al.] memory: 0.8 TB
Our Memory: 5.1 GB 58



12 K basis functions
[DeWitt et al.] memory: 2.3 TB
Our Memory: 47.1 GB 59



Speed Comparison

On the fly basis:  44.10  secs

Cached basis:       9.54 secs

Ours:                   0.10 secs

440 

95

60

128 , 1000 basis functions3

⇥
<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>

⇥
<latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit><latexit sha1_base64="lpmPMpvinA0d8T3oyOtkScj8HVM=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6YObd0V3bisYB/QDiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBVU9MCFwzn3cu89YcKZNgh9OCura+sbm4Wt4vbO7t5+6eCwrWWqCG0RyaXqhlhTzgRtGWY47SaK4jjktBNOrnK/c0+VZlLcmmlCgxiPBIsYwcZK7b5hMdWDUhm5F/Vqxa9C5CJU8ypeTio1/9yHnlVylMESzUHpvT+UJI2pMIRjrXseSkyQYWUY4XRW7KeaJphM8Ij2LBXYLgmy+bUzeGqVIYyksiUMnKvfJzIcaz2NQ9sZYzPWv71c/MvrpSaqBxkTSWqoIItFUcqhkTB/HQ6ZosTwqSWYKGZvhWSMFSbGBlS0IXx9Cv8n7YrrIde78cuNy2UcBXAMTsAZ8EANNMA1aIIWIOAOPIAn8OxI59F5cV4XrSvOcuYI/IDz9gkWSY92</latexit>



Varying Viscosity

Viscosity = 0.00035
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Varying Viscosity

Viscosity = 0.00
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Interaction with Obstacles

r = 200 r = 1000 r = 7000
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Real-time Interaction

64

13 frames per second 



Outline
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• Our methods
• Results
• Conclusions and future work
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Conclusions

• Asymptotically superior in memory and time 
• Memory:
• Time:

• Support Neumann velocity boundaries
• Directable dynamics
• Advection tensor lossy compression
• Up to 99.9 %
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O(rN3)
<latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit>

O(r)
<latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit><latexit sha1_base64="/eLWRTNONFmuWNbC57Fib6uIUTE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrxZwX5AG8pmu2mX7m7C7kYooX/BiwdFvPqHvPlv3KQ5aOuDgcd7M8zMC2LOtHHdb6e0tr6xuVXeruzs7u0fVA+POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G09vM7z5RpVkkH80spr7AY8lCRrDJpPu6Oh9Wa27DzYFWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTueVQaJpjMkUj2nfUokF1X6a3zpHZ1YZoTBStqRBufp7IsVC65kIbKfAZqKXvUz8z+snJrz2UybjxFBJFovChCMToexxNGKKEsNnlmCimL0VkQlWmBgbT8WG4C2/vEo6Fw3PbXgPl7XmTRFHGU7gFOrgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz9AII20</latexit>

O(rN3)
<latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit><latexit sha1_base64="xFn6Y0ugT34VPbX+DbPwJr/DAto=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyqoMegF08awTwgWcPspJMMmZ1dZmaFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4wmV5pF8MKMY/ZD2Je9xRo2VGncldft4dtIpFN2yOwVZJF5GipCh2il8tbsRS0KUhgmqdctzY+OnVBnOBI7z7URjTNmQ9rFlqaQhaj+dnjsmx1bpkl6kbElDpurviZSGWo/CwHaG1Az0vDcR//Naield+imXcWJQstmiXiKIicjkd9LlCpkRI0soU9zeStiAKsqMTShvQ/DmX14k9dOy55a9+/Ni5SqLIweHcAQl8OACKnADVagBgyE8wyu8ObHz4rw7H7PWJSebOYA/cD5/AAWSjrE=</latexit>

O(N3 log(N))
<latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit><latexit sha1_base64="D1kelSBOUA2/vw8p50DUhylbkYY=">AAAB9XicbVBNTwIxEJ31E/EL9eilkZjAheyqiR6JXjwhJvKRwEK6pQsN3XbTdjWE8D+8eNAYr/4Xb/4bC+xBwZdM8vLeTGbmBTFn2rjut7Oyura+sZnZym7v7O7t5w4O61omitAakVyqZoA15UzQmmGG02asKI4CThvB8GbqNx6p0kyKBzOKqR/hvmAhI9hYqXNXqHTOUZvLfqFSLHZzebfkzoCWiZeSPKSodnNf7Z4kSUSFIRxr3fLc2PhjrAwjnE6y7UTTGJMh7tOWpQJHVPvj2dUTdGqVHgqlsiUMmqm/J8Y40noUBbYzwmagF72p+J/XSkx45Y+ZiBNDBZkvChOOjETTCFCPKUoMH1mCiWL2VkQGWGFibFBZG4K3+PIyqZ+VPLfk3V/ky9dpHBk4hhMogAeXUIZbqEINCCh4hld4c56cF+fd+Zi3rjjpzBH8gfP5AwQ1kOI=</latexit>



Limitations

• Rectangular domain

• Uniform boundary condition

• Energy cascade is capped at the highest frequency

• Penalty methods for obstacles
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Future Work

• Advection tensor compression
• Tiled domains 
• Wavelets 
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Thanks!
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Source code is available:
http://cvc.ucsb.edu/graphics/Papers/SIGGRAPH2018_EigenFluid/


